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Abstract: Once confined to theoretical
proposals, quantum technologies are now ap-
proaching practical use. Such a perspective
calls for the study of realistic architectures
under the limitations of physical implemen-
tations. This thesis explores two resource-
constrained designs at opposite ends of the
guantum information stack: distributing long-
distance entanglement in the presence of
channel losses, and compiling quantum oper-
ations which rely on costly gates Both share
a common goal: optimizing scarce resources
to enable near-term implementations of quan-
tum architectures.

In the perspective of a quantum inter-
net implementation, the first part of this
manuscript addresses continent-scale entan-
glement distribution over lossy channels. As
a first contribution, we propose an architec-
ture interfacing metropolitan gateways with
the continent-scale backbone, addressing the
heterogeneity between two physical platforms.
The second contribution of this work focuses
on the derivation of an exact, non-perturbative
model of a DLCZ-type elementary link, valid
across the full pump-power range. This model

exposes the fundamental trade-off between
distribution rate and entanglement quality.
Finally, we introduce an entanglement witness
relying on local operations and classical com-
munication, certifying entanglement robustly
despite losses.

In the context of fault-tolerant quantum
computation, the second part of this
manuscript provides an exact quantum circuit
synthesis method, where minimizing non-
Clifford gates is essential for the realistic
implementation of quantum algorithms.
Framing quantum circuit synthesis as a single-
player game, we develop a reinforcement
learning method inspired by AlphaZero, and
benchmark the resulting agent on the exact
synthesis of costly subroutines. Extending to
dynamic circuits, i.e. circuits with ancillary
qubits and mid-circuit measurements, the
agent finds new decompositions involving

fewer non-Clifford gates than standard
approaches.
Together, these contributions illustrate

how resource optimization at the lowest
levels can support the architectures of future
guantum networks and computers.




Titre: Distribution d'Intrication et Compilation Quantique sous Contrainte de Ressources

Mots clés: Information Quantique, Communication Quantique, Calcul Quantique, Optique

Quantique

Résumé: Longtemps restées al'état de propo-
sitions théoriques, les technologies quantiques
se rapprochent aujourd’hui d'applications con-
cretes. Une telle perspective motive I'étude
d'architectures réalistes, tenant compte des
contraintes de leur mise en ceuvre physique.
Cette thése étudie deux de ces problémes
distribuer de lintrication sur de longues
distances malgré les pertes de transmission,
et compiler des opérations quantiques en
limitant les portes logiques codteuses. Dans
les deux cas, I'objectif principal est de tirer le
meilleur parti de ressources rares en vue d'une
implémentation a court terme.

Dans la perspective du déploiement d'un
internet quantique, la premiére partie de ce
manuscrit étudie la distribution d'intrication a
I'échelle continentale. La premiére contribu-
tion de cette étude propose une architecture
interfacant réseaux métropolitains et réseau
continental, sous contrainte d'hétérogéneité
entre ces deux plateformes. La deuxiéme
contribution développe un modele exact non
perturbatif d'un lien élémentaire de type DLCZ,
valable sur toute la plage de puissance de
pompe. Ce modele met en évidence le com-
promis fondamental entre taux de distribution

et qualité de lintrication. Enfin, ce manuscrit
développe un témoin d'intrication basé sur
des opérations locales et une communication
classique, capable de certifier l'intrication de
maniére robuste malgré les pertes des mé-
moires.

Dans un contexte de calcul quantique
tolérant aux erreurs, la seconde partie
de ce manuscrit porte sur la synthése de
circuits quantiques, ou le nombre de portes
non-Clifford conditionne la faisabilité des
algorithmes. En formulant la synthése de
circuits quantiques comme un jeu a un
joueur, ce manuscrit présente une méthode
d'apprentissage par renforcement inspirée
d'AlphaZero. L'agent ainsi entrainé réalise la
syntheése exacte de sous-routines co(teuses.
Etendu aux circuits dynamiques, cest-a-dire
des circuits avec qubits auxiliaires et mesures
intermédiaires, I'agent s'est révélé capable de
trouver de nouvelles syntheéses invoquant un
nombre de portes non-Clifford plus faible que
les architectures standards.

Ces deux travaux montrent qu'une gestion
fine des ressources aux niveaux les plus élé-
mentaires peut nourrir les architectures des
réseaux et des calculateurs quantiques a venir.
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1 -Introduction

Building the Backbone of Quantum Networks

Motivated by applications in quantum cryptography, long-distance entanglement
distribution has rapidly emerged as a promising technique to enable near-term quantum
technologies. As a central example, protocols based on Quantum Key Distribution (QKD)
leverage the non-local properties of entangled states: when identical measurements are
performed on the two halves of a bipartite maximally entangled state, the results are
perfectly correlated yet fundamentally unpredictable by any third party [1, 2]. There-
fore, keys resulting from an accumulation of measurement outcomes can be used to
secure communications with guarantees that do not rely on computational hardness
assumptions [3]. Such a physically grounded defence is vital in a world where computers,
powered by quantum advantages using Shor’s algorithm [4, 5], could compromise the
security of current classical cryptographic systems.

Realizing such long-distance communication requires overcoming a fundamental
physical barrier: optical fiber attenuation. Relying on single-photon propagation, entan-
glement distribution rate is directly limited by the channel transmissivity. Standard tele-
com fibers exhibit an attenuation of & = 0.2dB/km. While this loss is manageable over
metropolitan distances, its exponential scaling makes direct long-distance transmission
impractical: a L = 1000 km link results in a transmission probability of n = 1071 =
10~29, effectively reducing the distribution rate to zero. This loss limitation has actually
been quantified in [6] with fundamental arguments using relative entropy: the authors
showed that, even assuming unlimited local operations and classical communication, the
capacity of a lossy bosonic channel is upper-bounded by Cnax = —log,(1 — 1) ~ 1.447.
This loss-induced limitation motivates the study of quantum repeater based architectures
as promising candidates for long-distance quantum communication.

The foundation of quantum repeaters architecture relies on breaking the assumption
that entangled photons must originate from the same physical source: [7] shows that
Bell inequality violations can be achieved using two independent and spatially separated
sources. Inspired by this proposal, [8] highlighted the ability to engineer entanglement
between distant nodes that have never interacted. This fundamental concept, known as
entanglement swapping, relies on a Bell state measurement and serves as the foundation
for quantum repeater architectures, enabling the segmentation of long-distance commu-
nication channel into shorter independent elementary sections.

Building upon this concept, the quantum repeater architecture relies on the notion
of elementary links. Typically spanning kilometres-scale distances, an elementary link
consists of two source nodes, a central station performing Bell state measurement for
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entanglement generation, and edges quantum memories storing the heralded state.
In this context, an elementary link is considered loaded once the entangled state is
successfully heralded and stored. The overall distribution then follows a hierarchical
divide-and-conquer strategy: entanglement is generated across independent links in
parallel, stored, and subsequently extended over larger distances by performing Bell
state measurements on adjacent nodes. As discussed later in this thesis, parallelizing the
generation process mitigates the exponential losses inherent to direct fiber transmission,
yielding an exponential rate advantage that surpasses the quantum channel capacity limit
of direct transmission [6].

The efforts of the research community have led to a standardized classification of
quantum repeater protocols into three distinct generations [©].

* The first generation (1G) represents the most near-term architecture, closely
following the elementary link model previously described. In this framework,
elementary links are loaded via heralded entanglement generation where the
central station signals a successful Bell state measurement. To mitigate operational
errors, 1G repeaters rely on entanglement purification, where multiple noisy pairs
are consumed to produce a single higher-fidelity state. Consequently, the process
is doubly probabilistic: it requires the simultaneous success of initial heralded
entanglement distribution and subsequent purification steps, necessitating nu-
merous trials to achieve a single high quality entangled state. In this context,
the Bell pair distribution rate is fundamentally limited by the requirement of two-
way classical communications, for both heralding feedback and local operations
with classical communication required for purification. This reliance on classical
signaling, intrinsic to the probabilistic nature of the protocol, creates a bottleneck
where nodes must wait for confirmation signals before proceeding, constraining
the overall distribution rate [10-13].

+ The second generation (2G) overcomes the limitations rate by integrating local
guantum information processing. Unlike 1G architectures, 2G repeaters exploit
Quantum Error Correction (QEC) to locally correct operation errors. By shifting from
purification to local QEC, the need of classical communication for the distillation
process is removed. However the 2G still relies on probabilistic heralding of en-
tanglement distribution, maintaining a dependence on two-way classical feedback
for link confirmation. While this approach reduces partially the constraints of
classical signalling, it requires significantly more sophisticated hardware capable
of performing high-fidelity local logical gates [14, 15].

* Finally, the third generation (3G) adopts a fundamentally different approach,
abandoning heralded entanglement distribution in favour of QEC codes which
directly correct losses. In this paradigm, the source node transmits “logical flying

12



qubits”: a stabilized logical state encoded across a multi-qubit wave packet. Each
intermediary station uses local QEC protocols to generate entanglement and cor-
rect operational errors on the fly. By entirely eliminating the requirement for two-
way classical feedback, 3G repeaters enable high-rate quantum communication
conceptually analogous to classical amplifiers. However, such a protocol requires
ultra-high communication efficiency: if the transmission losses exceed 50% the
non-cloning theorem claims quantum information becomes fundamentally unre-
coverable [16-19].

At the time of writing, the experimental quantum repeater community is primarily fo-
cused on the realization of first-generation architectures. This generation was introduced
by Briegel et al. [10] and a practical implementation using atomic ensembles and linear
optics was then proposed by Duan, Lukin, Cirac, and Zoller [12]. The latter, now widely
known as the DLCZ protocol, brings a built-in purification step, avoiding the necessity
of multi-copies for nested purification proposed by Briegel et al.. This was the starting
point of simple quantum repeater architectures, aiming to beat the direct transmission
of photons through fibers [13].

Nowadays, various physical platforms for 1G protocols implementation are being ex-
plored [20]. Aviable technology requires long coherence times to store states during clas-
sical feedback, efficient light-matter interface with indistinguishable emission capabilities
for high-fidelity entanglement swapping, telecom-wavelength compatibility to minimize
fiber attenuation, and finally multiplexing capabilities to boost entanglement distribution
rates. Two main technological families have emerged to meet these requirements: atomic
ensembles and individually controlled systems.

+ Atomic ensembles rely on the collective light-matter interaction of multiple quan-
tum systems, such as cold atomic gas or solid-state ensembles, enabling either the
generation of photon pairs with a controllable delay [12] or the storage of single
photons from parametric sources with on-demand retrieval [21-25]. The collective
behaviour benefits from a strong light-matter coupling and naturally supports
multiplexing across multiple degrees of freedom, providing a linear speedup for the
entanglementdistribution rate with respect to the number of modes [23]. However,
as it will be explained in this manuscript, this approach based on probabilistic
emissions requires operating at low pump power, which directly limits the distri-
bution rate. Historically, cold atomic ensembles have been a dominant platform
for early experimental realizations of remote atomic ensemble entanglement,
notably demonstrated in [26, 27]. This technology remains actively used, with
recent experiments reporting heralded entanglement of atomic cloud separated
by 12.5km physical distance [28], and over 50 km of optical fiber [29]. On the
other hand, rare-earth-doped crystals leverage extreme multimode multiplexing to
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compensate low rate from low pump power [30]. Recent works have demonstrated
high efficiency on-demand spin-wave memories in such systems [31-33], leading
to the realization of entanglement [34] and on-demand spin-wave entanglement
demonstration within a 1G repeater architecture [35].

* Individually controlled systems rely on single quantum systems for repeater
implementations, such as trapped ions, neutral atoms, quantum dots, or color
centers. Two main features make these individually controlled systems attrac-
tive for implementing first-generation quantum repeaters. First, their high level
of control enables the deterministic implementation of entanglement swapping
operations [36], which contrast with atomic-ensemble based repeaters inherently
probabilistic. Second, they allow the generation of single photons with high purity
[37]. However, single quantum system traditionally suffer from a lack of light-
matter coupling [38]. Recent progress has partially addressed the former: colored
centers leverage nanophotonic integration to improve photon collection efficiency,
improving the experimental implementation of remote entanglement between
crystal defects [39-41]. Trapped ions benefits from high photon indistinguishability
and strong isolation [42-45]. Single neutral atoms have recently achieved major
long-distance progress, including entanglement over 33 km of telecom fiber [46],
and very recently device-independent QKD with secret key generation at 0.1 bits/s
over 11km [47].

Beyond establishing secure cryptographic keys, entanglement serves as a universal
resource for quantum information processing. This motivates a broader architectural
vision: the Quantum Internet. Rather than developing point-to-point bipartite links,
a quantum network operates as a web of quantum channels, distributing Bell pairs
between remote interconnected nodes capable of local quantum processing. This
paradigm unlocks a wide range of applications [38, 48], including distributed quantum
computing [49], clock synchronization [50], or long-distance quantum sensing [51] such
as astronomical interferometry with telescope arrays [52].

In this context of large-scale quantum networks, international collaborations have
emerged to coordinate global quantum internet deployment. This thesis is developed
within one such initiative: the Quantum Internet Alliance (QIA) [53]. This European
project aims to construct continent-scale quantum networks, where metropolitan-scale
networks are interconnected with first-generation long-distance quantum repeaters by
2030. The full stack, from physical hardware to software protocols, is being developed
collaboratively across multiple research institutions in EU member states.

Specifically, the QIA project structures its network into two complementary layers: a
long-distance backbone distributing entanglement over continental scales via a quantum
repeater-based architecture, and a metropolitan network handling distribution at the city
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scale. Acknowledging the distinct requirements of these layers, the QIA project assigns a
dedicated technological approach to each. The sparse long-distance backbone, which
requires high-rate entanglement distribution, relies on atomic ensemble technologies
with rare-earth-doped crystal memories, enabling large multiplexing capacities across
thousands of modes. In contrast, the denser metropolitan network prioritizes individually
controlled systems, based on trapped ions, for multi-node synchronization and local
processing.

The scope of this thesis focuses on the physical implementation of the long-distance
backbone, targeting entanglement distribution over hundreds of kilometers, including the
interfaces with metropolitan nodes. A central work of this manuscript is the development
of an exact non-perturbative model of an elementary link. This model enables the
exploration of high-pump regimes for rate enhancement and provides experimental
groups with a reliable framework for parameter calibration and state characterization.

The first contribution of this thesis is to provide theoretical support for the physical
implementation of QIA networks. Specifically, we propose a long-distance backbone
architecture based on dual repeater chains, each composed of two elementary links using
rare-earth-doped crystals, connecting trapped-ion metropolitan edge nodes via dual-
rail encoding. A key challenge of such a heterogeneous network lies at the backbone-
to-metropolitan interface: rare-earth-doped crystals and trapped-ion systems operate
with mismatched photon temporal profiles, differing by roughly one to two orders of
magnitude. Based on a standard light storage protocol in rare-earth-doped memories,
we enable temporal reshaping of single-photon pulses, providing a practical interface
between metropolitan nodes and the quantum repeater backbone. In this thesis, we
present a model of this hybrid interface, and quantify the impact of residual mode
mismatch on both entanglement fidelity and distribution rate.

The second and central contribution of this thesis is the development of an exact
model of a DLCZ-type elementary link. In such links photon-pair sources operate in low-
pump regime, avoiding multi-photon contributions which degrades the entanglement
fidelity. While providing a simple analytical model, the low-pump approximation breaks
down in relevant regimes where high pump powers is required to achieve high entan-
glement distribution rates. This thesis derives an exact non-perturbative model of the
elementary link state, valid across the full pump parameter range, exposing the funda-
mental trade-off between distribution rate and entanglement quality. In collaboration
with the experimental group of De Riedmatten in Barcelona, we benchmark the predictions
of our model against experimental data, providing a quantitative validation based on local
photon detection statistics and visibility measurements.

Finally, this thesis introduces an entanglement witness designed to certify the proper
operation of a DLCZ-type elementary link. While conventional witnesses rely on optical
interference between remote nodes, such approaches become impractical over long
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distances. This manuscript proposes a protocol based on local operations and classical
communication for entanglement certification. Specifically, combining displacement
operations with photon detection, this method enables robust entanglement certification
under arbitrary memory losses within a qubit subspace. Two experimental groups, in
Barcelona and Hefei, have expressed interest in testing this entanglement witness.

Quantum compiler for fault-tolerant quantum computation

While information is often treated as an abstract entity, its physical realization, even
in classical systems, is inherently subject to noise and errors. For instance, due to
thermal fluctuations, hardware degradation, or even cosmic rays [54], modern flash
memories must manage bit-error rates as high as 10~2 [55]. To mitigate these errors, the
computer science community has developed techniques called Error-Correcting Codes:
by employing sophisticated redundancy methods, a single bit of information is encoded
across multiple physical units [56, 57]. This allows efficient data recovery and ensures
information integrity over years-long timescales [58]. The quantum community drew
inspiration from these redundancy techniques to protect quantum states in quantum
memories. However, due to the no-cloning theorem and measurement-induced dis-
turbance, adapting classical error-correcting codes directly to quantum systems posed
fundamental challenges [59].

Building on classical error correcting codes techniques, Shor, Steane, and Calder-
bank were the first to establish the foundations of Quantum Error Correction (QEC),
introducing a class of codes known after their names: the Calderbank-Shor-Steane
(CSS) codes [60-62]. Initially focused on protecting quantum states for long storage,
QEC was later extended by Shor when he demonstrated that error protection could be
extended to quantum operations themselves, shielding the quantum state throughout
its noisy evolution [63]. This realization opened the path to Fault-Tolerant Quantum
Computation (FTQC): a framework in which operations do not propagate logical errors
and correction is applied repeatedly throughout the computation. Building on this, the
community exploited algebraic structures to explore a broad landscape of QEC schemes,
progressively converging toward practical and robust architectures for FTQC [64-66].
Among these, the surface code, a CSS code defined on a two-dimensional lattice of qubits,
has emerged as the dominant candidate for modern QEC architectures, combining a
high error threshold with nearest-neighbour connectivity that matches the constraints
of physical hardware [67, 68].

Fault-tolerant quantum computation stands in fundamental contrast with the classical
paradigm. In classical computing, error correction is almost exclusively dedicated to
memory and data transmission: logic gates themselves can be considered noiseless in
practice '. Therefore, the choice of elementary operations, known as the Instruction

"In a few critical applications where errors cannot be tolerated, such as space engineering, light
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Set Architecture (ISA), is driven by the targeted performance and efficiency?: x86 for
high-performance workstations, ARM for energy-constrained mobile devices, or RISC-V
for lightweight embedded systems. Error tolerance plays no role in this choice, as the
hardware is assumed reliable. In quantum computing, this assumption breaks down:
computation is as noisy as storage. Thus, the choice of elementary quantum operations,
widely known as quantum gates set, and sometime called quantum ISA (or QISA) to
emphasize the classical analogy [69-71], is instead primarily dictated by the constraints
of the underlying quantum error correction framework.

In the quest for fault-tolerant quantum computing, Shor noticed in [63] that a specific
set of operations, the Hadamard, CNOT, and 7 /4 phase gates, could be fault-tolerantly
implemented within CSS codes: by acting bitwise on the physical qubits, these gates
naturally prevent errors from propagating across the logical block. Building upon this
work, Gottesman introduced the stabilizer formalism [72], which remains a bedrock
of modern QEC architectures. Within this framework, he introduced the notion of
transversal gates: operations that act independently on each physical qubit of a code
block, thereby avoiding error propagation between qubits. Formalizing the fault-tolerant
structure identified earlier by Shor, Gottesman showed that the entire Pauli group
normalizer, known as the Clifford group [73], is transversal for well-chosen CSS codes,
making all of these operations fault-tolerant at once.

Yet, while being fault-tolerant, the Clifford group does not generate the set of all
unitaries, making the gate set incomplete for universal computation®. In this context, a
universal gate set refers to the ability to approximate any unitary operation with arbitrary
precision using a finite sequence of gates from this set. Here we understand the choice
of elementary operations must simultaneously satisfy two constraints: fault-tolerance,
ensuring the operations are compatible with the underlying QEC code, and universality,
providing the ability to approximate any unitary operation. To bridge the gap, Boykin
introduced in [74] a 7/8 rotation gate, known as the T gate, completing the Clifford group
for universality. However, the Eastin-Knill theorem established a fundamental limitation
to this approach, stating that no binary QEC code capable of correcting arbitrary single-
qubit errors can possess a universal set of transversal gates [75]. This result makes
transversality and universality mutually exclusive, necessitating alternative strategies for
universal fault-tolerant control. Building on these results, the community established
a clear distinction between Clifford and non-Clifford operations, adopting a Clifford
generator set extended by a single non-Clifford operation as the standard for universal

error detection methods with single-bit parity checks or redundant computations are sufficient.
2Actually political and historical reasons plays a non negligeable role, e.g. CUDA ecosystem
keeps NVIDIA dominant in GPU computing, or decades of backward compatibility have locked x86
into consumer software regardless of raw efficiency.
3Aware of the lack of universality, Shor proposed in [63] to reach universality by adding the
Toffoli gate.
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gate sets.

This distinction shifts the whole complexity to the implementation of non-Clifford
operations. Such an implementation is achieved through a complex three-step protocol:
magic state injection, magic state distillation, and gate teleportation [76, 77]. First, a
multitude of noisy magic states, referring to special non-Clifford resource states, are
prepared and injected into logical code blocks. Then, as they are inherently vulnerable
to noise, these logical states are distilled, leading to a small number of high fidelity magic
state. Finally, the resulting high-fidelity magic states are consumed via gate teleportation
to apply the desired non-Clifford operation on the data qubits. This requirement for
non-Clifford resources has led to the development of magic state factories: dedicated
architectural blocks that consume a significant volume of physical qubits to distill high-
fidelity magic states [67, 68, 71]. Despite community efforts to reduce this overhead
[78, 791, non-Clifford resources remain the primary bottleneck in modern fault-tolerant
designs. As a consequence, the requirement for non-Clifford gates has emerged as the
central metric for assessing the practical feasibility of quantum algorithms [71]. In this
thesis, we focus on the T gate as the non-Clifford primitive, as it constitutes the standard
non-Clifford resource in surface code architectures [67, 68, 80, 81]. This perspective
reflects a RISC-like quantum ISA, where Clifford gates are native and a single non-Clifford
instruction suffices to promote the set to universality, as it is discussed in [80].

As discussed, the fault-tolerant settings impose a gate availability constraint that
quantum software scientist must work within. Thus, the practical implementation of
quantum algorithms on physical hardware requires translating abstract unitary opera-
tions into concrete sequences of those available gates. Known as quantum circuit synthe-
sis?, this process finds a natural parallel with classical computing [82]. In classical com-
puting, compilation bridges the gap between algorithmic descriptions and hardware-level
instructions, translating abstract operations into a sequence of instructions supported
by the processor's ISA. A similar abstraction exists in quantum computing: arbitrary
guantum evolutions, i.e. unitary transformations, must be decomposed into sequences
of elementary gates drawn from a given gate set, with varying gate implementation costs,
and under specific hardware constraints such as limited run-time, qubit connectivity or
ancilla availability.

More precisely, for a given universal gate set, quantum circuit synthesis aims to find
a sequence of gates implementing a target unitary. This task faces an inherently hard
combinatorial landscape: calling respectively n and g the number of qubits and the gate-
count, at each layer roughly n - g gate placements are available, thus the number of
candidate circuits of depth d scales exponentially as o ((n-g)?) [83]. Meanwhile, the
number of circuits implementing the target algorithm is sparse. In particular, finding an
optimal decomposition that minimizes circuit depth or total gate count is known to be

4Also called unitary synthesis.
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NP-hard [84, 85]. Thus, the exponential growth with circuit depth makes, together with
the solution sparsity, the synthesis of non-trivial unitaries rapidly intractable, even for
moderate system sizes.

In practice quantum algorithms generally require between 107 and 10!! logical gates
[5, 71], making full-algorithm synthesis far beyond reach. Due to the combinatorial
hardness of the problem, a more practical approach of quantum circuit synthesis is
therefore to focus on smaller subroutines that can be optimized independently and
reused throughout the computation. For instance, Shor’s algorithm for n-bits RSA integer
factorization relies on arithmetic subroutines involving o (n2) modular additions of n-bit
numbers [60, 86], where each addition typically requires o (n) or o (log n) gates depending
on ancilla availability [87, 88]. This highlights how improving the decomposition of such
addition routines can have a significant impact on the overall complexity of the algorithm.

In the context of fault-tolerant quantum computing, modern compilation is not
only a computationally hard translation task, it also serves as a resource-constrained
optimization problem. As discussed, non-Clifford gates have a significantly higher physical
cost due to distillation procedures. Thus, in addition to the intrinsic difficulty of finding a
valid decomposition, a central objective of quantum compilation is to minimize the use
of non-Clifford gates. More precisely, the optimization of these non-Clifford resources
generally targets two distinct metrics: the T-count, referring to the total number of T’
gates in the circuit, and the T-depth, which corresponds to the number of sequential
layers of T gates. While the T-count directly determines the volume of magic states
required, the T-depth constitutes a temporal bottleneck of the computation. The choice
of optimization metric is thus closely related to hardware constraints: for instance,
minimizing T-depth is preferred when the architecture supports parallel magic state
production.

Seeking asymptotic efficiency, early work in quantum compilation built upon the
Solovay-Kitaev algorithm [89]. The original formulation of this algorithm establishes a
method to approximate any unitary in SU(d) using a gate set that generates a dense
subset of SU(d), with a sequence length scaling polylogarithmically in the inverse pre-
cision. Motivated by fault-tolerant implementations of the Shor’s algorithm, Dawson
and Nielsen demonstrated in [90] its application in the approximative decomposition
of the 7/2F rotations with the Clifford+T gate set, highlighting the practical relevance of
qguantum synthesis for quantum compilation. While this algorithm provides approximate
decompositions, modern quantum compilation focus on exact synthesis: finding a
gate sequence that exactly reproduces the target unitary, or proving that no such
decomposition exists. This thesis follows this line of work.

Early modern approaches to exact quantum circuit synthesis rely on deterministic
methods such as the meet-in-the-middle search techniques. Introduced in [91], this
method enables the synthesis of T-depth-optimal circuits with the support of ancilla
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qubits. The core idea is to match forward and backward circuit constructions by de-
composing the target unitary as U = V - W, effectively splitting the search space in two
and yielding a quadratic speedup over naive brute-force methods. In addition, recent
methods based on formal problem encodings and solver-based approaches have been
proposed. For instance mixed-integer programming formulations solved with Gurobi or
CPLEX [84, 92], or more recently boolean encodings using SAT solvers [85], enabling the
synthesis of optimal circuits or the formal proof of their non-existence. These solver-
based approaches benefit from decades of algorithmic progress in classical computer
science. However, the underlying problems are NP-complete, and their runtimes scale
exponentially with circuit size, which remains a fundamental bottleneck.

Facing exponentially hard combinatorial search spaces, heuristic methods offer an
escape from formal synthesis by trading optimality for scalability. For instance, revisited
heuristic variants of meet-in-the-middle have emerged [93, 94], refining the original
approach through nested methods with multi-subroutine decompositions and time-pace
trade-offs to improve runtimes, targeting 7-count and T-depth optimization, respectively.
Modern prominent hybrid strategy consists of combining discrete search with greedy
techniques and continuous numerical optimization. Frameworks such as QSearch [95],
QFAST [96], or LEAP [97] successfully adopt this approach by combining search over circuit
structures with numerical optimization. In parallel, stochastic methods like Synthetiqg [98,

], based on simulated annealing, achieve substantial speedups over exact search.

An alternative approach to these combinatorial methods is machine learning, which
has demonstrated strong performance in large constrained search spaces. In this
perspective, machine learning offers a natural framework to learn efficient synthesis
strategies directly from experience, extracting insights and relevant information for
decision-making. More broadly, such approaches are part of a growing trend in physics,
where learning-based methods are increasingly used to address complex optimization
and control problems.

At the time of writing, machine learning has become a standard tool for scientific
discovery. These methods are particularly effective at uncovering structures in high-
dimensional spaces where exact approaches become intractable [100]. Over the past
decade, and especially with the rise of deep learning [101], they have demonstrated
strong performance across a wide range of domains: in mathematics, with AlphaTensor
providing a new matrix multiplication algorithms outperforming decades of human-
designed constructions [102], in chemistry, with AlphaFold 3 awarded the 2024 Nobel
Prize, providing highly accurate predictions for protein structures [103], and in physics,
with diverse applications in accelerated materials discovery [104], and even in computer
science with AlphaChip, an automated chip design system deployed to design Google's
TPU chips at scale® [105]. More recently, similar ideas have started to impact quantum

>Chip designs produced by AlphaChip have been used in production from the TPUV5
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computing [106-109], and especially in quantum compilation [83, -113].

More formally, machine learning refers to a broad class of methods that tackle a given
task by learning from data rather than relying on explicitly programmed rules. Among
these approaches, reinforcement learning is known to be suited for sequential decision-
making problems under constraints. It differs from conventional machine learning in that
it relies on interaction with an environment rather than labeled datasets, which is par-
ticularly advantageous for unitary synthesis problem where dataset elements are costly
to generate and grow exponentially with the number of qubits. In the reinforcement
learning framework, an agent interacts with an environment by taking actions, receiving
rewards, and progressively learning a policy that maximizes long-term return [114]. As
developed in this thesis, quantum circuit synthesis can be naturally formulated as a
sequential decision-making problem over an exponentially large combinatorial space,
typically modeled as a Markov Decision Process. Here the agent incrementally builds
a circuit gate by gate, getting closer to the targeted unitary via a reward function, and
learning through trial-and-error. Crucially, physical and architectural constraints can be
directly encoded in the environment rules and reward function, enabling optimization
over metrics such as T-count, circuit depth, or qubit connectivity [110].

A particularly successful class of reinforcement learning methods for such discrete
search problems is based on AlphaZero style algorithms. These approaches combine
Monte Carlo Tree Search with a neural policy-value network to guide the exploration.
Originally introduced for board games [115], they have since been applied to complex
combinatorial optimization problems [116, 117]. In this setting, learning is driven by self-
play, allowing the agent to iteratively improve its decisions without external supervision.
This paradigm is especially appealing for quantum circuit synthesis, where the search
space is discrete, highly structured, with exponentially large combinatorial possibilities.

As a first contribution, this manuscript introduces a practical reinforcement learning
framework for quantum circuit synthesis. This thesis develops an AlphaZero-inspired
approach in which circuit construction is formulated as a sequential decision-making
problem, guided by Monte Carlo Tree Search and a neural policy-value network. This
framework enables exact unitary synthesis with unit fidelity, while remaining versatile
with respect to the gate set and qubit connectivity, and flexible through reward design
for depth and gate optimization.

The practical relevance of this approach is demonstrated through proof-of-concept
results on standard quantum subroutines, in particular via the synthesis of the Toffoli gate
with an optimal T-count decomposition. The resulting performance is competitive with
state-of-the-art static compilers such as Synthetiq and meet-in-the-middle techniques,

generation, and scaled massively for TPUv6 (Trillium). Since then, AlphaChip has been extended
to the design of Google's Axion CPU and adopted by partners such as MediaTek for the Dimensity
series of smartphone SoCs.
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with the ability to compile random 3-qubit circuits up to depth 30 in a few seconds.

Motivated by T-count reduction, this thesis also explores the extension to dynamic
circuit synthesis, incorporating measurements on ancillary qubits and conditional gates,
known to positively impact the T-cost [118-120], from which the agent discovers non-
trivial structures. This opens new optimization regimes, enabling further reductions
in non-Clifford resources such as the T-count. More broadly, these results highlight
the potential of reinforcement learning to uncover unconventional circuit constructions,
paving the way toward the automated discovery of quantum protocols under realistic
hardware constraints.
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Introduction

This short introduction collects key definitions, some notations and the outline of the
first part of this manuscript. It is not required to follow the thesis as the notations are
introduced gradually in the chapters. However, it may help the reader by setting a global
picture before diving into the calculations.

Overview of the architecture

The considered quantum repeater architecture can be divided into three stages, as
depicted in figure 1.

* The elementary link is the building block of the repeater. It generates entanglement
between two distant hubs, noted H, separated by intermediate distances of the
order of L, = 250km. Localized at the edges of the elementary link, a hub
combines a photon-pair source with a quantum memory.

* The repeater chain is a linear arrangement of elementary links. It propagates
entanglement along the chain through entanglement swapping, a local operation
on neighbouring hubs, reaching continent-scale distances of the order of Lq,, =
500 km.

* The jon-swap interfaces the long-distance repeater chain with the metropolitan
network. Based on a dual-rail architecture, it aims to swap entanglement from
the atomic-ensemble memories of the repeater chain edges onto the trapped-ion
memories of the metropolitan gateway.

Modeling

In the considered architecture, the elementary link uses spontaneous parametric
down-conversion (SPDC) sources for entanglement generation. Such SPDC source con-
sists of a non-linear crystal pumped by a laser, emitting correlated photon pairs via
annihilation of pump photons. The state is described by

[tseoc) = /1= p exp (Vpaldt) 100) = VT=p 3 /" nn), ()

where o' and b' are the photon-pair modes. The pump parameter p is directly related to
the experimental pump power and sets the probability of emitting a photon pair, typically
p ~ 1072, Operating at low pump p < 1 suppresses multi-photon emissions but reduces
the distribution rate, a central trade-off in this manuscript.
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The architecture relies on non-photon-number-resolving detectors (non-PNRD), which
only discriminate a no-click from a click event. Following appendix A.1, the associated
POVM on mode «a reads

no-click: I1§ (n,dc) = (1 —dc) - (1 — n)aTay

: (2)
click: 0§ (p,dc) =1 — (1 —dc) - (1 —n)* ¢,

with n the detection efficiency and dc the dark-count probability. We sometime use the
notation 114 and I1}, keeping in mind it corresponds to an efficiency n and dark-count dc.
For clarity, we define theloss R = 1—nand k = 1—dc. In this manuscript, allimperfections
are pushed onto the detectors. For instance, a memory read out by a detector is modelled
by a single efficiency 1 = Nyem - Noee COMbining the memory and detection losses.

The modelling lies between two formalisms: the SPDC sources with linear optics
naturally fits with Gaussian formalism, while the heralding POVM is diagonal in the Fock
basis. The computation is therefore delicate, as it requires translating between the two
pictures: a Gaussian description of the source against a photon-number description of
the measurement. We carry the derivation in the Fock formalism, since the generated
entanglement lives in the qubit subspace [ij) with 7,5 = 0,1. This makes the state
representation easier to interpret physically, and clarifies the influence of the pump
regime on the repeater performance.

Notations and numerical values

Depending on the context, we refer to the two remote parties as Alice and Bob with
the indices A and B, adding Tom and Jerry with the indices T and J, when further parties
are needed. Although the derivations hold in the general asymmetric case, we most often
present the symmetric case where Alice and Bob share the same parameters, preventing
heavy reading with unnecessary complexity. We then denote the shared value with the
index AB, for instance 7, = 15 = 1. Similarly, we sometimes set the dark counts to zero
in the final expressions, even though the derivation is carried out in the general case.

The architecture involves several devices: detectors, memories, displacement op-
erators, etc. each carrying their own numerical values. In this work we use values
from the literature in the perspective of a functional repeater, see table 1. Following
the convention above, the efficiency of each stage of the repeater decomposes into
elementary contributions. The central station combines transmission and detection,
Mok = Thes * Toer the Swap combines memory efficiency and detection, 7swy = Nvem * Moets
and likewise the ion interface, 1o, = Nvem * Moer, UP to refinements in specific cases.
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Outline

In Chapter 1, we introduce a perturbative model of an elementary link for the low-
pump regime. This perturbative treatment explicitly shows the contribution of each
Fock basis vector to the elementary link state and captures the main trade-off between
entanglement quality and distribution rate. We then expose the efficiency wall from fibre
attenuation, which leads to link segmentation for practical long-distance entanglement
distribution, following the DLCZ architecture presented earlier in the main introduction.

Building on this architecture, Chapter 2 focuses on the interface between the edge
hubs of the long-distance backbone with the metropolitan gateway nodes, still in the
perturbative regime. We introduced a dual-rail protocol where the entanglement stored
in the edge atomic-ensemble memories of the backbone is swapped onto the trapped-ion
memories of the metropolitan gateways. We study the impact of photon shape mismatch
between the two platforms, focusing on the improvement of a protocol stretching the
atomic-ensemble photon to match the ion waveform [121].

Finally, we develop in Chapter 3 an exact model of the elementary link, accounting
for all multi-photon contributions and valid across the full pump range. We derive and
study the figures of merit, fidelity and heralding probability, beyond the reach of the
perturbative expansion. In collaboration with the experimental group of De Riedmatten
in Barcelona, we benchmark the predictions of our model against experimental data,
providing a quantitative validation based on local photon detection statistics and visibility
measurements. From this exact description, we then build an entanglement witness
based on local operations and classical communication, able to certify entanglement for
any memory loss.

Parameter Symbol Value Reference
Pump pair probability Das Ps 1072 [13, ]
Fiber transmission o 0.2db/Km [123]
Detection efficiency Mpet 0.9 [124, ]
Memory efficiency Mviem 0.5 [33, 35]
Displacement efficiency Toisp ~1 [126, ]
Dark-count probability dc 107 [122, ]

Table 1: Experimental parameters used in the DLCZ repeater model.

27



auogyoey aouelsiq Suo]

d4INd-UON

B PIISET

ueyjodosidw ayl 01 skemalel syl Se 10e SILIOWAW U0l 3yl '92JNOS UOISIDAUOI-UMOP di3dweled snoauejuods e yum Aiowaw
9|qUUaSUa-dIWO0Ie Uk Saulqwiod gny yoe3d ‘(paJ) dems-uol pue ‘(usaid) Suiddems juswa|Sueiua ‘(an|q) yul| Ateuswad :pa1ydiysiy
aJe sadels aa4y3 ay ‘syulj Aueyuswiajd oml Jo pasodwod yaes ‘suieyd |9jjeded omy Jo apew ul| Ja1eadad ||y e Jo uoneaisn)|| i a4ndi4

AJOW U0

28



1-Quantum Repeater for long-distance entangle-
ment distribution

1.1 .Generating entanglement between two distant hubs

1.1.1 .ldealized low-pump regime

Generating entanglement between two hubs, H, and Hg, separated by kilometre-scale
distances must assume no prior interaction. Consequently, the initial state of the joint
Uin) = |¥a) ® |t0g), living in the Hilbert space H, ® Hs, Wwhere H,
and H; are associated to Alice’s and Bob’s hubs H, and Hg, respectively. The strategy to

system is factorised,

bring entanglement between #, and #; is then to prepare a local entangled pair inside
each hub, where short-range interactions are easy, and extend this entanglement over
the whole system with an operation acting on one party of each pair. Concretely, the hub
H. (resp. Hg) carries two modes a and a’ (resp. b and ¥'). First an initial entangled state
is locally generated between a and o’ (resp. b and ¥’). Then, an operation consumes one
mode from each hub through a joint measurement, for instance on the modes o’ and
b, which transfers the two independent entanglements a-a’ and b-b’ to the remaining
pair a-b. Figure 1.1 illustrates shuch a protocol. In a general scope, this procedure is
called entanglement swapping since the initial entanglement of the two independent hubs
is swapped across the system [&].

Set-up and Heralding

In practice, each hub is equipped with a quantum memory and a spontaneous parametric
down-conversion (SPDC) photon-pair source producing a correlated signal-idler pair [12,

]. The signal photon is stored in the hub memory while the idler photon is sent through
a long-distance optical fibre. The two idler photons meet at a central station composed
of a beam-splitter followed by a single-click heralding measurement. Such a single-
click measurement, called Bell measurement, transfers the photonic correlations onto the
memory excitations:

|1a) @ [ths) — Wentangled> . (1.1)

As a probabilistic measurement, the central station emits a classical feedback signal to
both hubs, informing Alice and Bob whether the entanglement generation has succeeded.
After a successful herald, the two memories store an entangled state ready to be
consumed.

Concretely, the central station is composed of a 50-50 beam-splitter Ugs followed
by a single-click heralding measurement II,,,, consumes the idler photon and swaps the
entanglement from the two signal-idler photon pairs to the memory-memory system. See
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Figure 1.1: lllustration of the entanglement swapping protocol. Local entanglement is
generated in the two hubs. The joint measurement consume the photons o’ and v/,
swapping the entanglement from a-a’ and b-b' to the remaining modes a-b.

figure 1.2. In this preliminary study, we neglect dark counts, i.e. having a count without
any input photon, and denote by 7, the overall link efficiency, which combines the long-
distance transmission efficiency 7y, with the detection efficiency 1y, S0 that . = Mrs Moet-
We denote by m, and ¢, (resp. mg and c¢g) the memory mode and the long-distance
channel mode, which respectively refers to the signal and idler photon'. More generally,
the indices A and B refer to Alice’s and Bob'’s hub respectively.

As an upper bound on the reachable entanglement quality, the initial entanglement
quality is critical. To ensure clean photon-pair generation, the SPDC sources operate in
a low-pump regime p,, ps < 1, typically pa, ps = 1072, where p, and p; denote the pump
parameter of H, and Hg. In this regime, each source generates either zero or one photon-
pair, neglecting multiple pairs emissions. For clarity, we consider the symmetric situation
pa = ps = p. The initial unnormalized state then reads

[9a) = 100) + V/Pa [11) + o(\/P4)
[¥s) = 100) + v/Ps [11) + 0(+/Ps)

where the modes are ordered as |ma, ca, cs, msg), grouping the idler photons in the central

}¢A>®¢B 0000) 4 /p (]0011) + [1100)) 4 o(y/p), (1.2)

tyot
pair. Using the standard 50-50 beam-splitter transformation ci,cg; — CA\ifCB, the state
becomes
|01) + |10) |01) — |10) )
0000) + 0) ———[1) +|1) ———=10) | + 0 . 1.3
0000) + 5 (J0) P 1y 0y PEZL 1)) 4o (0 (1.3

Re-ordering the modes |ma, ca, s, M) — |ma, ms) |ca, cs) to isolate the memory subsys-

'In this notation, we use m refering to the memories, and c the long-distance channels.
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tem, we get

0000) 4 /p <‘01>\}L§‘10> 01) + W |10>> +0(yp). (1.4)

This makes the purpose of the single-click measurement explicit: a single click on either
¢ Or ¢g certifies the successful transmission of one idler photon to the central station,
filtering the vacuum term, and selects one of the Bell states present in the superposition.
A single click thus heralds either the Bell state |[¥+) or |¥~), the sign + depending on
which of the two detectors clicked. The classical feedback must therefore carry both the
click event and the information on which detector has clicked. Without a which-detector
feedback, Alice and Bob only know they share a |¥'*) Bell state without any information
on the sign, and the resulting state is a balanced mixture of the two Bell pair which carries
no entanglement

U (UH] + [T7) (| = |01) (01] + |10) (10] . (1.5)

With which-detector feedback, a local correction can be applied on the wrong-parity
events, and the shared state between Alice’s and Bob’s memories is a pure Bell pair

P = |F) (W] (1.6)

Focusing on the positive Bell pair, the fidelity, a standard metric quantifying the entangle-
ment quality, then reads
Fue =Tr [[UH)Y (U] po] =1, (1.7)

The heralding success probability, that is, the probability to get a single click detection on
the detectors is given by

Piok =2p - Tk, (1.8)

where the factor 2 stands by considering both right or left single-click event, and with
Think = Thrrs Tlpet:

With a typical pump parameter p ~ 1072, a detection efficiency 7, ~ 0.9, and a
transmission probability ;s that depends on the fibre attenuation coefficient o« and on
the distance L/2 between each hub and the central station

Thres = 1079E/20, (1.9)

Standard telecom fibres exhibit an attenuation a = 0.2dB/km, so that long-distance
entanglement distribution at L. = 250km leads to a transmission 7y, = 1075 and a
heralding probability

P~ 5-107°. (1.10)
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Figure 1.2: Optical setup of an elementary link. Each hub hosts an SPDC source and an
atomic-ensemble memory. The source, parameterized by a pump parameter p, (resp. ps),
generates signal-idler photon pairs in the memory mode m, (resp. mg) and the long-
distance channel mode ¢, (resp. ¢z). The central station mixes the modes ¢, and ¢z on
a 50 — 50 beam-splitter, and a single click projects the memory modes onto an entangled
state.

Entanglement quality and distribution rate as figures of merit

This preliminary derivation illustrates how the optical setup heralds pure entanglement
in the idealized regime p < 1. Keeping p small aims to suppress the SPDC multi-photon
contributions from higher orders in p, which may deteriorate the purity of the generated
Bell pair. For instance, a second order in p brings a multi-photon terms of the form |22) to
the sytem, passing the single-click heralding when one of the two idler photonsis lost. This
heralding contaminates the state with a p? term in the mixture which lower the wanted
|11) contribution. Thus, the fidelity of the heralded state reads

ank:l_ap+o(p)7 (111)

hence corresponding to a lower the entanglement quality.

The requirement for high fidelities imposes low photon-pair emission probabilities,
resulting in a reduced success probability: beyond the fundamental limit set by the
transmission losses 7, the heralding probability scales linearly with p, thus a small p
directly reduces the distribution rate. This trade-off between the quality of generated
entanglement and distribution rate lies at the heart of the repeater architecture, and is
a guiding thread throughout this manuscript. We therefore focus on the two following
metrics, which will be tracked consistently throughout the study

+ Fidelity: the fidelity of the heralded state to a Bell pair, denoted F,, is the
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entanglement quality metric. It quantifies how close the heralded state is to the

target Bell state |U) = ‘Oligu»

, and is defined as

Fune = Tr [ [¥7) (U] . (1.12)

+ Heralding probability: the probability of a successful heralding event, denoted
P.... is the distribution rate metric. It quantifies the success rate in distributing
an entangled pair across the link, which directly determines the entanglement
distribution rate. It is defined as

Pk = Tr [Enk (oini)] 5 (1.13)

with p,,; the initial state from the SPDC sources, and &, the non-trace preserving
guantum channel from the swapping protocol, it will be properly described later.

1.1.2 .Perturbative expansion in the pump parameter

As discussed, the trade-off between entanglement quality and distribution rate is
driven by the multi-photon contributions of the SPDC sources. A quantitative understand-
ing of this trade-off therefore requires a multi-photon study, explicitly tracking the higher-
order terms in p. We thus extends the previous calculation to higher orders, quantifying
how the multi-photon contributions degrade the entanglement fidelity heralded by the
protocol.

In the following pragraphs, we derive a perturbative expression of the state, fidelity
and the heralding probability up to the N™ order in p. We first establish an algebraic result:
despite the complexity of the SPDC initial state, the computation reduces to independent
study of the block-diagonal structure of the initial density matrix, where each diagonal
block, we call i-photon sector, carries states with exactly ¢ photons. From this result, we
derive a perturbative expression of the heralding probability P, the heralded state p,
and the fidelity F.,.. While this expansion provides a recipe to study the multi-photon
contributions sector by sector, the expressions rapidly become intractable beyond the 2"
order. Nevertheless, the expansion remains useful for numerical implementations, when
experimental setup requires a higher-order model for a fine description. This is illustrated
in a collaboration with the De Riedmatten group at ICFO [35], where this approach up to
2"d order were needed to reproduce the observed photon statistics.

To begin with, let us give a more formal definition of the swapping protocol. Let Uss
denote the beam-splitter evolution acting on the idler modes |c,, cg), and I, the positive
operator-value measurement (POVM) element associated with the single-click heralding
event at the central station. The heralded state then reads

1

P = 37 Trencs | T Vs P U/, (1.14)

with A the normalisation constant, p, = pseoc @ peeoc the initial factorized state from
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the SPDC hub sources, and Tr,, ., the partial trace over the channel modes. Following
appendix A.1, the beam-splitter transformation and the single-click POVM element acts
on the channel modes ¢, and ¢; as

T T
cptec t
el — % Iy = A - RAD (11 — R® ) : (1.15)
with R, = 1—n. the overallloss, and k., = 1—dc, with dc,, the dark-count probability.
To keep light derivation, we assume symmetric losses on ¢, and ¢z, concretely, the central
station is placed at the middle of the link. For clarity, we define &, as the completely
positive trace-non-preserving channel of the swapping protocol as

ot ot — Trep o [\/Hmk Uss pos Ul \/Hmk] . (1.16)

The heralding probability and fidelity reads

o Eiric (Pini)

Pk = P ) P =Tr [ELnk (Pini)] ) Fiok = <\P+’p“‘k
Lnk

LD (1.17)

The derivation below includes non-zero dark counts dc.,, while keeping the symmetric
assumption p, = pg = p.

Algebric study From a general point of view, the initial state from the two SPDC
sources can be decomposed as a block matrix where each block lives in a 2i-photon
Hilbert subspace ﬁid.er(z’) ® ﬁsignm(z’), with the definition

H(i) = Span{|kl) st k+1=i}, (1.18)

see appendix B.1 for a detailed study. In this context, each block i is associated with the
order p, refering to the subspace spanned by the SPDC contribution ftimer(z’) ® f[signa|(i),
carrying 2i photons across the system, i photons in the idler modes ¢, and ¢, and ¢
photons in the memory modes m, and mg. We call these blocks the i-photon sectors, or
the i-photon contributions. The factor two reflects the fact that photons are emitted pair-
wise by the sources, so that the order p’ produces a state of exactly 2i photons across the
system. More precisely, 2i photons localised in each hub before the Bell measurement,
and i photons delocalised across the two hubs system after the measurement, as the Bell
measurement consume the idler photons. Concretely, the expansion of the initial state
in powers of p reads

N N
1 (i i
Proi = NZprfm)erﬁi ) +o (V).  N=) 1, (1.19)
i=0 =0

(2)

where N is the truncation order, N the normalisation constant, each pinii is the density

matrix of the i-photon sector with Tr [p,(nﬁ)] = 1, and p}, collects all off-block-diagonal
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cross-terms. The appendix B.1 provides formal arguments, it also shows that the cross-
terms p’, do not contribute to the heralded state, namely & (p5;) = 0. Furthermore, each
i-photon sector is stable under &, so that any i-photon contribution pi(n’i) is mapped to a

heralded state pfﬁa that also carries exactly i photons

P° pi(n(i]) * *
1 * ppi(nli) *
Pini = 77
M x| p2old
(1.20)
pO Ein (Pi(n?)> 0 0
e, 1 0 P () 0
N (2)
0 0 p2 Eink <pini )

This highlights that the computation reduces to the independent study of the diagonal
blocks pi(nii), which directly corresponds to the it order of the expansion. Thus, the couple

(IPE?k, pfﬁa) is an intrinsic object of the i-photon sector, independent of the other sectors.

Dilution factor From the algebric decomposition, the fidelity 7, and the heralding
probability P, therefore expand in powers of p, where each order isolates the contri-
bution of one i-photon sector. This brings a natural way of studying the multi-photon
contributions on the desired metrics. The normalisation requires however some care:
the constant A = >, p explicitly depends on p, and must itself be expanded order by
order. This produces an additional expansion in p which brings a correction on top of the
bare contribution of each sector. Physically, each i-photon sector sees its relative weight
diluted by the presence of the higher-order sectors. We therefore refer these corrections
as dilution corrections, since they capture how the bare contribution of an i-photon sector
is diluted by the presence of higher-order sectors. This correction also guarantees that
P« and F.,. remain bounded between 0 and 1 at every truncation order. To distinguish
the two contributions, we adopt the following convention: a quantity without a tilde, IP’&&
p&a or FL(:B, denotes the bare contribution of the i-photon sector, while the same quantity
%

with a tilde, P, 5 or £, includes the dilution correction.

Probability expansion We define the heralding probability of the i-photon sector as
P =Tr € (1) (1.21)
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which captures the bare contribution of the i-photon sector to the heralding event. From
appendix B.2, the total heralding probability reads

N
Po=> pBQ+o@), BY=pY-PL", (1.22)
=0

where IPEnk denotes the probability of the i-photon sector after the dilution correction. We

additionally define the relative quantity
Pl

0 b
P

Pl — (1.23)

which measures the contribution of the i-photon sector relatively to the leading order

IP’ESK). This notation will appear naturally in the derivation of the heralded state.

State expansion We define the heralded state of the i-photon sector as

(i) _ G (o)

Pink = (Z) ) (1 24)
]PLnk
with Tr [p&i] = 1. After calculation (cf. appendix B.2), the heralded state reads
N (1)
_ (i) N _ PP
po=d wipm+o(@Y), wi=— (1.25)
i=0 Zj'v:o pBY)

The weights w; admit a Bayesian interpretation: w; is the probability that the heralded
contribution originates from the i-photon sector, given the heralding event. Finally,
expanding the normalisation factor in p yields the perturbative form

(k) (k)
Pk = ZPZ ana + O ) pEnk Lnkank Z Ci—k IP)Lnk)pEnk ) (1.26)

where pEn) denotes the contribution of the i-photon sector after the dilution correction.

The coefficients ¢; encode the Bayesian back-reaction from the expansion of w;:

k
co=1 =Y Plea; (1.27)

Fidelity expansion Finally, the heralded state derived above directly yields the fidelity
to the target Bell state |U'™). We define the fidelity of the i-photon sector as

R = (9] 2

ADE (1.28)
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which is the fidelity conditioned on the heralded contribution originating from the -
photon sector. By linearity, the fidelity propagates through the mixture, leading to

N i—1
Foe= p Fl 4o (@), A =PRFL =D ek PRI, (1.29)
i=0 k=0

with the same coefficients ¢, as before. The structure mirrors the heralded state: the
sectorial fidelities F*) play the role of the p*), and £ is the contribution after the dilution

correction.

1.1.3 .Practical example with the two-photon truncation

The previous expansion provides a recipe to compute a perturbative expression of the
(i)

heralded state, probability, and fidelity by focusing on the action of £, on each term p;,/.
Here we give a practical example of this expansion at order N = 2. This decomposition up
to the 2-photon sector was actually required by the de Riedmatten group (ICFO, Barcelona),
where the review of [35] needed a finer modelization of the link were needed.

First, let us derive the i-photon sector pi(nii) of the initial state up to 2 photons. The
output state of each source is given by

[nc) = 75 100} + VB I11) +p[22) +0 ()] (130)

—-p
leading to the global initial state
[Vin) = 5 | 10000) +/B+ (11100)+]0011) ) + p- (2200) +]0022) + [1111) ) -0 (p) | (1.31)

with the usual mode ordered |m,,ca, cs, ms). This decomposition makes explicit the

contributions of the p expansion, with pi(nii) = )1/11(n2;)> <z/zi(n? and
0-photon sector: ‘wi(n?)> = 0000},
1-photon sector: ‘wﬁn})> = 1 ([1100) + [0011)), (1.32)

&l

2-photon sector: ‘Q/Ji(n?)> L (]2200) + |0022) + [1111)).

0-photon sector Obviously, the vacuum cannot generate an entangled state, but it
can trigger a fake heralding through a dark-count at the central station. Formally, the
heralding probability from the vacuum reads

PY) = &, (10) (0]) = deme (1 — dend) s (1.33)

which heralds the state
p&) = 10) (0], (1.34)
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and contributes to the fidelity as
i =o. (1.35)

1-photon contribution: To avoid heavy calculation, we only display the results here,
the detailed calculation is available in appendix B.3. The 1-photon sector heralds the state

(1) 1 +\ (gt 1 —\ -
Pink = Fasy |21 (P |+ T rBn [T7) (o], (1.36)
1+ I_r]f(_l’ﬁLnkLr]k) 1 T RLnk(Lli"@tnt)
with a heralding probability of
]P)Er}k) = Rink (1 - "iLnkRLnk) + HLnkRLnk (1 - ﬁLnk) 9 (1 37)
and a fidelity
FL(nlk) _ Rink (1 - KLnkRLnk) (1 38)

Kink (]- - /{LnkRLnk) + IiLnkRLnk (1 - ’{Lnk) )

2-photon sector As for the 1-photon sector, the derivation of pffk) is rather heavy and

is detailed in appendix B.3. The 2-photon contribution heralds the state

1 _ _
Pk = 1 + I{Lnk(lfnLnk)REnk+liLnk(1fﬁLnkRLnk)RLnk ‘@12> <\I]12‘
HLnk(l_’iLnkREnk)
1 N\ o
+ 1+ ﬂLnk(1*”LnkREnk)+”Lnk(1*/€LnkRLnk)RLnk ‘\II12> <\Ij12 )
HLnk(l_“Lnk)ank
1 _ _
+ 14+ ”Lnk(1*”LnkREnk)‘H{Lnk(l*”Lnk)ank |\112 > <\I/2 ‘
Kink (1—KLnk Rink) Rink
in the basis Y
102) + /2 |11) + |20) o [02) = ]20)
[Wias) = 5 )= (1.39)
with a heralding probability
PEr?k) - % [%F‘:Lnk (1 - HLnkRLan) + %ﬁLnkRLnk (1 - K/LnkRLnk> + iKLnkR?nk (1 - Kank)] (1 40)
+ % [%K'—”k (1 - H'—”kR?nk) + %KLnkRLan (1 - ”Lnk)] )
and the fidelity reads
i =o. (1.41)

Final expression Combining the contributions of the three sectors in the absence of
dark counts dc.,, = 0 (for lighter expression), the heralded state of the elementary link
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reads

puw = [WH) (WH| 4 [ (2 = 3)- [95) (UF ] + (1 = ma) | 97) (03|

(1.42)
+ (2= ) [UH) (Th| | - p+o ).
with the heralding probability
Puoc = 21 P + 21— 20 - p* + 0 (p°) (1.43)
and the fidelity to the target Bell pair
Fue = (Ut poc [¥T) =1 = (3= 2n) -p+0(p). (1.44)

A short calculation for a 250 km link gives a fidelity of 7., = (1 — 0.03) ]:"L(nlk) = 0.97 and
a probability of P, = (1 — ().01)1?’82 = 5.8107°. Thus, considering the contribution of
the 2-photon sectors decrease the fidelity by 3% and increase the heralding probability
by 1%.

Discussion

+ Entanglement quality As expected, the leading contributing order comes from the
1-photon sector. In the absence of dark counts dc,,. = 0, this sector heralds a pure
Bell pair ]-"L(nlk) = 1, which is consistent with the preliminary study. In the presence
of dark counts, a heralding event can be triggered from a noise photon, which
mixes the |¥*) and |¥~) Bell components (see equation (1.36)) and deteriorate
the off-diagonal coherence of the heralded state. This coherence is actually a
decreasing function of the dark-count: dc,, = 0 heralds a pure Bell state, while
dc,w = 1 heralds the perfectly balanced mixture |¥+) (UF| + [&~) (I~ | which
carries no entanglement. In practice, the dark-count is low dc,, < 1, so that
]—"L(nlk) remains close to unity. The computation also shows that 0, 2-photons sectors
do not contribute to the entanglement generation. Indeed, since the fidelity is
measured with the single-excitation Bell state |¥"), any sector carrying more than
one excitation has zero overlap with it

(@)

F) = (v ol

\IJ+> —0 foralli#1. (1.45)

The full fidelity expansion therefore reduces to a single positive term with negative
contributions from the dilution corrections of higher-order sectors

N
Fue=F =Y 0 F. FO =N - FQ (1.46)
i#1
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In other words, the contribution of sectors i # 1 is purely destructive: they dilutes
the single positive contribution of the 1-photon sector, lowering the heralded
fidelity.

+ Heralding probability Here, two competing effects coexist. On the one hand, a
higher photon number means more photons reaching the central station, increas-
ing the probability of triggering a detection event. On the other hand, the photons
from an i-photon sector are spread across the two input modes of II,,, lowering
the probability of finding no photon in one of the modes, as required for the single-
click heralding. In the long-distance regime, the transmission efficiency »y is small
and only a few photons reach the central station and the single-click constraint is
never saturated, thus multi-photon contributions boost the heralding probability
in practice.

1.2 .Scaling quantum repeater

1.2.1 .The fibre-loss barrier

In the previous discussion, we exposed the entanglement generation protocol as
a practical way for entanglement generation between distant hubs that have never
interacted. Based on the swapping protocol, this entanglement generation extends
the entanglement from two local pairs to the full link through a swapping method,
resulting in a pure Bell state shared between the two distant hubs in the idealised low-
pump regime [12, 13]. In a long-distance scenario, however, this architecture has to
overcome a fundamental physical barrier: optical fibre attenuation. As just discussed,
entanglement swapping relies on single-photon propagation through the leading 1-
photon sector contribution, thus entanglement generation rate is directly limited by the
channel transmissivity.
Concretely, in the first-order perturbative regime (see equation (1.8)), the heralding
probability reads
Pl = 2P M = 2D Noet Tres (1.47)

with a typical pump parameter p ~ 1072, a detection efficiency n.. ~ 0.9, and a
transmission probability 7y, that depends on the fibre attenuation coefficient « and on
the distance L/2 between each hub and the central station

s = 1079E/20, (1.48)

Standard telecom fibres exhibit an attenuation @« = 0.2dB/km, so that long-distance
entanglement distribution at L = 500 km leads to a transmission 7y, ~ 107> and a
heralding probability

P~ 2-1077, (1.49)
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effectively reducing the entanglement distribution rate to impractical values.

The standard solution is to segment the long-distance channel into shorter sub-
channels, called elementary links, each based on the optical setup described above [12].
Each elementary link generates entanglement independently between their two end
memory hubs, and two neighbouring elementary links share a common intermediate
hub. After a repeated trial-and-error process, once two neighbouring links have both
heralded entanglement generation, a short-distance swapping operation is performed
locally at the shared hub with near-unit transmission efficiency, transferring the entan-
glement across the two links. Recursively swapping the loaded entanglement, a series
of elementary links is able to spread entanglement over the long distances, defining a
multi-links repeater, also called repeater chain. Due to its exponential dependence on L,
splitting the link into N shorter links brings an exponential advantage on the transmission,
exp(—a%) — exp(—agty ), while the independent heraldings only cost a linear slow-
down.

For clarity, we adopt the following terminology. We refer to as entanglement generation
the protocol that spreads entanglement over an elementary link, since from the multi-
link repeater perspective it produces entanglement between two distant hubs that have
never interacted. We say that an elementary link is loaded when a delocalized excitation
has been heralded and stored, ready to be consumed. We refer to as shared hubs, or
directly swap, the hubs shared between two neighbouring elementary links, carrying their
respective end-memories. The local swap performed at shared hubs is referred to as
entanglement swapping, in line with the standard repeater literature [12, 13].

1.2.2 .Example with 2 repeater links

To start with, let us consider a segmentation of a 500km link into two 250 km
elementary links, as depicted in figure 1.3. Concretely, each elementary link runs the
entanglement generation protocol in parallel. Once a link has successfully been heralded,
the corresponding Bell pair is stored in the memories of its end hubs and waits for the
second link to successfully herald entanglement. When both links are loaded, a short-
distance entanglement swap is performed at the central shared hub, transferring the
entanglement across the full 500 km link. Halving the link length turns the per-photon
transmission 7y into /7, on each elementary link, providing a quadratic gain at the cost
of an additional near-unit-efficiency swap. Concretely, a single L = 500km link gives
s ~ 1075, leading to a heralding probability of the order of P, =~ 2 - 10~7. Splitting the
link into two L /2 = 250 km sub-links raises the per-link transmission to 7, ~ 3-1073, and
the per-link heralding probability to P, ~ 6 - 10~°, two orders of magnitude higher.
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Description

Formally, we denote with the indices L and R the quantities associated with the /eft
and right elementary links, respectively. For instance, the memory modes of the left
elementary link are denoted |mj}, mg), and the right elementary link |m}, m{). The short-
distance entanglement swap is structurally identical to the long-distance entanglement
generation protocol: once both elementary links are loaded, the two neighbouring
memory modes myj and m} are mixed on a beam-splitter Uss, followed by a single-click
heralding measurementIL,,. From appendix A.1, the entanglement swap POVM element
reads
R TR mi Tt

sy = Ksup - Rows ° (]l — Rs,p A> , (1.50)
with kg, = 1 — dc,, the dark-count and Rs,, = 1 — ns,, the loss of the swap. As the
losses have been pushed onto the detector, the swap loss actually captures the memory
efficiency and the detection efficiency, so that 7s., = Muvem * Moer. AS dCs,, <K 1, We assume
kswp = 1 for a matter of clarity. This operation swaps the two independent entangled
states m;-mg and mi-m{ of the two 250 km elementary links onto the single 500 km
entangled state mj-mj, propagating the entanglement across the full repeater. As for
entanglement generation, we define the non-trace-preserving operator &, such that

gswp : ptnk ® pﬁnk — Trmlé,mﬁ |: V HSWP UBS ptnk ® pﬁnk UEjS V 1_[Swp:| ’ (1 51)

thus ) -
— SSWP (ank ® ank)
pSwp - Ps .
wp

Pow, = Tr [ESWP (ptnk ® pfnk)] ) (1.52)

Using the result from the 15t order expansion, once loaded the state of the elementary
links read pf,, = pf, = [¥) (UT]. The full state of the two-link repeater before the swap
therefore reads

_[1010) + [1001) + [0110) + [0101)

5 : (1.53)

pll:nk ® pSnk — ‘w>

with the mode ordering |m}, m5, m%, m), for clarity the state is written as a ket. The beam-
splitter Ugs acting on the central memory modes mg and mj}, gives

Wms) = = !|1> 01+ 1100 19y 41y Jooy 1)

2 V2
|02> — ‘20> |01> _ |10>
+|o>\/§|o>+o>ﬂ|1>]
1|01) +[10) 101) — [10) (1.54)
3| e Ut 10
00) [02)  ]00) |20)
Y5 T +|11>|00>].
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Figure 1.3: Schematic of the entanglement swapping for a repeater chain made of two

elementary links. Once the links are loaded with p, and pZ,, the swapping protocol,

a 50 — 50 beam-splitter Ugs followed by a single-click heralding Il,,, propagates the
entanglement onto the two edge memories of the chain.

with the mode re-ordering |mj, mg, my, m§) — |mjs, my) |mg, m}) to isolate the modes
involved in the swap measurement. Applying the single-click measurement 1Il,, and
tracing over the central modes yields the heralded state of the full repeater

e o) (ut| + i_;’::: 100) (00| . (1.55)
with the swap probability
Py, = ”SWP(44_ fws). (1.56)
and a fidelity
Foup = 4_277%. (1.57)

Physical Interpretation

To quantify the distribution rate advantage of the segmented architecture, we compare
the expected distribution time of an entangled pair over the full repeater in the two
scenarios. Let L denote the total length of the repeater. We recall the long-distance
transmission efficiency from a hub to the central station of an elementary link of length
L:

D = 107310, (1.58)

We first focus on the two-link scenario. The two elementary links run their heralding
protocol in parallel. As explained in appendix C.1, this parallelization leads to a probability
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of having both links simultaneously loaded

IP>Load = EP(L/Q)

=3 (1.59)

where % is the synchronisation factor from the parallelization, and IPEnLk/Q) is the heralding
probability of an elementary link of length L/2. We assume the trial-and-error rate is
bounded by the idler photon travel and classical feedback time. Concretely, each trial
takes a time L/2¢, where ¢ is the speed of light in the fibre and L/2 is the round-trip
length of the idler photon and classical feedback over an elementary link. Considering that
the memory can store M modes, an elementary link can attempt 4M¢/L entanglement
generations per second. Combining the trial rate, the heralding probability anLkﬂ), and
the swap success probability Ps,,, the expected time to distribute an entangled pair over

a distance L reads

1 L 3 4

— . . . (1.60)
14 ]P)Load PSwp 4eM 2 P 7755/2) nSwp (4 - nSwp)

2link —

For comparison, the expected distribution time of a single L-long elementary link reads

1 L 1
Tk = = : . (1.61)
! rIP’fnLk) 2cM pnffk)

The relative speed-up of the segmented architecture is then

T‘Hink nSwp (4 - nSWp) L/QO
s = T _ 10eL/20. (1.62)
TZIink 3

This last result exhibits an exponential gain in L that justifies the segmented architecture.

However, this distribution time improvement comes with a reduction on the entangle-
ment quality. On the first hand, the swap operation degrades the quality of the heralded
entanglement as the fidelity F,, is a decreasing function of 7,,. Specifically, in the limit
nswp = 0 the state does not carry any coherence and the fidelity reduces to Fs,, = 1/2,
leaving no entanglement in the heralded state. On the other hand, the degradation goes
beyond the swap inefficiency itself. In the ideal limit rs,, = 1, the fidelity remains bounded
by Fswp = 2/3. This bound is intrinsic to the swap protocol: a single click swap heralding
can be triggered by two photons, leaving the edge memories of the repeater empty. This
two-link example therefore recovers the same trade-off between distribution rate and
entanglement quality already encountered at the elementary link level. At the elementary
link, this trade-off was governed by the pump parameter p. At the repeater scale, it is
now also governed by the repeater architecture and swap efficiency 7s,,, which adds an
additional trade-off on top of the elementary link one.

1.2.3 .Multi-link quantum repeater
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The previous calculation shows that the segmentation of a quantum repeater into
sub-links leads to a strong improvement of the distribution rate at the cost of a reduction
of entanglement quality. We propose here to study a N-links repeater architecture where
a chain of length L, is divided into N sub-links of length L,,,. We thus denote L,
the length of an elementary link, and L, the length of the repeater chain, such that
L = N L. The main idea is to parallelize the entanglement generation in elementary
links and gradually merge the entanglement across the whole repeater via entanglement
swapping. The entanglement propagation is done block-by-block following a divide-and-
conquer architecture [13].

Formally, we consider a repeater segmented into N = 2" elementary sub-links,
organized as a binary tree of depth n = log,(NV), thus L = 2" - L,,. At each depth
d € {1,--- ,n}, 2" % entanglement swaps are performed in parallel, each swapping two
adjacent Bell pairs of length 29~ 1L, into a single Bell pair of length 2¢L, . Concretely, at
depth d = 0, the N sub-links run the entanglement generation protocol in parallel, each
producing a Bell pair over a length L,,, = L/N. At depth d = 1, a swap is triggered as
soon as two neighboor elementary links are loaded, propagating the entanglement over
adistance 2! L. At depth d + 1 a swap is triggered once both depth-d adjacent Bell pairs
are loaded, propagating entanglement over a distance 2?L,,,.. The recursion terminates
at depth d = n, where a single Bell pair spans the full link of length L.

Building upon this protocol, we can compute the state at every intermediate step.
Based on the induction detailed in appendix B.4, at every depth d the intermediate state
propagated through 27 sub-links reads

P = (1= ) [00) (00] + ag [TF) (WH], (1.63)
where the Bell weight of the mixture a4 reads
1
ad:%ﬂ—”g—;p’ (1.64)
and with a heralding probability
P = % [(2 = 1swp) @41 @1 + 0y + ] - (1.65)

The coefficients o, , and of,_, correspond to the weight of the Bell state |¥*) (| in the

previous mixture p§;‘5;1>, respectively from the left and right sides of the swap. At the end

of the protocol, the fidelity of the full repeater state reads

F = ay, (1.66)
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and the total loading probability

Pl = PLM (3" TT Pl (1.67)
d=1

Let us point out that n = log, (V) is the depth of the binary tree, hence a power of n
actually means a linear dependence on the number of sub-links N. Concretely, the total
probability gets an exponential speed-up on the transmission 7 — nTlréN, at the cost
of a linear slow-down through the synchronisation factor (2)" = N'9&:(2/3) ~ 1//N
and swapping probability [];_, szg. This is a typical speed-up a divide-and-conquer
architecture, where complexity reduces to the depth of the binary tree, log, N.

46



2 -Interfacing the long-distance edge with the
metropolitan gateway

The previous chapter introduced a method to generate entanglement between two
distant hubs that have never interacted. Each hub independently prepares an entangled
pair, and a swapping protocol heralds the generation of entanglement between the two
hubs. This method, called entanglement generation, enables the creation of entangle-
ment between two distant independent parties. However, at continent-scale distances,
the swapping becomes impractical: relying on single-photon exchange, the heralding
probability collapses to zero. We therefore introduced link segmentation and parallel
entanglement generation, offering an exponential advantage at the cost of a vacuum
component growing linearly with the number of segments. In this chapter, we assume
such a segmented architecture and study the interface between a long-distance backbone
reapeter, based on atomic ensemble memories, and a metropolitan network, based on
individual controlled sysyem such as trapped ion, focusing on swapping the entanglement
from the end-hub long-distance atomic ensemble memories to the metropolitan entry-
hub ion memories. This interface swap relies on a 4-clicks protocol that filters out the
vacuum and transfers only the Bell-state component of the long-distance system to the
metropolitan network. This filtering ensures the distribution of high-quality entanglented
pair to remote metropolitan networks. The first section exposes the protocol and
provides preliminary calculations to develop intuition behind it. We then bring numbers
by studying a practical case: a 500 km full repeater composed of two elementary links.
Finally, we take a closer look at the interface by studying the impact of a possible photon-
shape mismatch between ion and atomic ensemble memories.

2.1 .The ion-swap: bridging backbone and metropolitan network

First, let's recall some context. The overall network can be decomposed into two
stages. A first stage where the long-distance backbone distributes entanglement at
the continental scale through a chain of elementary links made with atomic-ensemble
memories. It can be viewed as a continent-scale graph with city-nodes. A second stage,
the metropolitan network, which lies at the nodes of the backbone graph and aim to
distribute entanglement to end users at the city scale. The long-distance backbone
generates entanglement between its edge hubs, and a dedicated swapping protocol,
based on a 4-clicks heralding, transfers it to the metropolitan gateways. This swap, that
we will call ion-swap or 4-clicks protocol, is the central object of this chapter.

As established previously, segmenting the long-distance link mitigates exponential
photon loss at the cost a vacuum component growing linearly with the number of
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Figure 2.1: Setup of the dual-rail full repeater with ion swapping. Both chains are loaded

with a state pgh/f following the derivation of section 1.2. Once loaded, the entanglement

is swapped from the two chains onto the ion memories via a 4-click heralding protocol.
Note we dropped the tilde on the mode notation for clarity.

elementary links. We refer to such a multi-segment structure as a repeater chain, or simply
chain. In this context, we denote with the index Chn the quantities related to the repeater
chain: Feun, Penns €tc. Bridging the gap with the notations from section 1.2, for a chain
made of n elementary links we have: pc,, = pgxg Pehn = pgfg and Fep, = }'S(VC;). The 4-clicks
protocol serves two purposes: transferring the entanglement from the backbone to the
metropolitan gateways, and filtering out the vacuum component to select the Bell-state
contribution of the mixture. For simplicity, in the whole section we neglect dark-count.

The architecture relies on two parallel repeater chains, each providing a Bell-
state/vacuum mixture at the chain edges. At each metropolitan-network gateway, a
trapped-ion memory emits a photon whose polarization is entangled with its internal
energy state. This photon is routed with the backbone photon to a local Bell-state
measurement, where a 4-clicks heralding swaps the entanglement from the backbone
to the metropolitan ions. This event requires one click per rail and one click per ion,
respectively provided by the backbone photon Bell pairs and the ion-photon pairs, which
filter out the vacuum component. Thus, the 4-clicks heralding consumes two delocalized
long-distance Bell pairs and produces a pure Bell state in two remote metropolitan
gateway hubs.

2.1.1.The network protocol

We now get a closer look at the network architecture. As depicted in figure 2.1,
the architecture consists of two long-distance repeater chains [13], each generating
entanglement between two edge solid-state quantum memories, four balanced beam
splitters (BS), eight non-photon-number-resolving photodetectors I, two polarising
beam splitters (PBS), and two ion nodes (denoted with the index A and B) [45], assumed
to be located in two distinct metropolitan networks far apart from one another. In the
following analysis, we assume long-distance repeater chains operate in the ideal regime
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restricted to the single-photon sector, as discussed in the previous chapter. We thus start
from loaded long-distance repeater chains, each producing a mixed state of the form

pe = (1 —a") 00) (00] + a” [H) (T

D ; (2.1)
PP, = (1—a®) |00) (00] + a® | W) (W]

where the U and D indices refer to the upper and lower repeater chain, respectively. We
introduce the optical modes (b', &, df, &', fT, gt, A, i), which refer to the photon modes
at the BS input ports, the un-tilded counterparts refer to the optical modes at the BS
output. Driving from the state |g) of any of the ions leads to the emission of a photon
of polarization V or H, with the ion decaying either to |g,) or to |g4). For convenience,
we introduce the mode-like operators (ay, ay) and (jy, jv) such that a,ﬁ/v 19), = |9uv), and
jl/v |9)s = |gnv)s Where the indices A and B refer to Alice’'s and Bob's ions, respectively.
Each ion is prepared in a superposition of |g,) and |g4), emitting two photons of
orthogonal polarizations « and v, distributed over the modes b and ¢ through the PBS,

[9n)s ® [1)5 + 9v)n @ L)
\/i )

and similarly for Bob’s ion. Additionally, the two repeater chains are loaded in parallel

(2.2)

|9)a —

with a Bell state and vacuum mixture, with a triggered emission from the memories. For
simplicity we only track the Bell state in the protocol since the vacuum cannot trigger a
heralding event', but one keeps in mind an extra dilution factor o - a® on the calculation,
taking into account the weight of the Bell state in the initial mixture. Precisely, the protocol
starts from the states

sy l810)+1]e,01) bl 4al - o _ [10)+1]01)  df e
‘¢Ion> \6 \/§ |¢Chn> ﬂ \/5 (2 3)
o 12.10)+]e0n) A4t oy _ [10)+01)  fT4gtt
‘wlon> \/5 \/§ |17Z}Chn> ﬂ \/i
leading to
It palet] [dt+et] [ 71+t [Ath +it50] -
‘w > _ ayb' + ayc +e f +9 Jan 'y ’0> (2 4)
ini \/5 \/i \/§ \/§ : :

The network is loaded with four excitations in total: one delocalized in (b, &) from Alice's
ion, one delocalized in (d, é) from the upper repeater chain, one delocalized in (f, g) from
the lower repeater chain, and one delocalized in (A, 7) from Bob's ion.

The four beam splitters generate interference between the pairs of modes (b, d), (¢, f),
(h,€), and (i,§). For now, we assume perfect interference and introduce the output
modes (b,d), (¢, f), (h,e), and (i,g), such that the unitary action of the beam splitters

"As we neglect dark-count in this section.
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corresponds to the mapping

o

b+

b,d —bd=——, 2.5
/2 (2.5)
and similarly for the other modes. The BS unitary action transforms |4, ) into
1 b+d c+fr[b—d h—er[c—f i—gr[. h+e  i+g]l -
=~ |ay- —= +ay- + + : + v - 0).
=il st sl e Tl el e e
(2.6)

The BS transformation is followed by a heralding event consisting of four single-click
measurements, one after each beam splitter. Since the network contains exactly four
photons delocalised across the optical modes, two scenarios are possible. Clicks on b,
¢, h, and i leave the ions in |gy), ® |gu)s OF iN |gu), ® |gv), depending on whether the
clicks originate from the memories’ or the ions' photons, leaving both possible states in
superposition. One ends up with the ion-encoded Bell state

_ |9v>A @ ‘9H>B + |9H>A ® |gv>B
|wlon> - \/5 .

The case where two photons (here b and ci) bunch and produce the same single-click

(2.7)

event is discarded by restricting the heralding to four clicks rather than fewer. Based
on appendix A.1, the POVM element of such a heralding reads

Do =[] T Ohon) T (ion) (2.8)
(a,8)ES

with 7, the efficiency heralding, and S = {(b,d), (¢, f), (h,e), (g,7)} the set of click/no-
click mode pair. Note that, as for the entanglement generation, multiple heralding events
are possible: one click after each BS yields 2* = 16 possibilities, all leading to the
same state up to a local phase from the interference, which can be handled by local
corrections. Thus, we just focus on one specific event, keeping in mind the factor 24 from
this degeneracy.

From this preliminary study, one can compute the resulting fidelity, heralding proba-
bility, and distribution time. The distributed state is a Bell pair since the 4-clicks protocol
can only herald a delocalized excitation between the two ions:

Fon = 1. (2.9)

Considering a symmetric chain o¥ = o = «, the probability of measuring four single
clicks given loaded chains reads

4
Pm:aw?, (2.10)

and the distribution time reads

2 11
3 ]P)Ion ]P)Chn Vink ‘

(2.11)
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with Pg,, the probability of having a chain loaded, and v, the elementary link distribution
rate. This unit fidelity is a direct consequence of the idealised low-pump scenario: we
assumed a vacuum/Bell-state mixture in the repeater chains, that itself comes from
the low-pump regime where only the 1-photon sector is considered. Higher-order
contributions are expected to decrease the fidelity. This is precisely what we observe
in the next section, where we study a practical implementation: a full dual-rail 500 km
repeater built from two-link chains, including the contribution of the 2-photon sector.

2.1.2 .Practical example with a 500 km link

In this section, we study a practical implementation of a full repeater link over
500 km, based on the dual-rail architecture described above. For an accurate evaluation,
we include contributions up to the 2-photon sector, making the evaluated metrics p-
dependent. This p-dependence couples the fidelity F,,, and the entanglement distribution
time 7T': the pump parameter pr,.. is fixed by a target fidelity Fr..., yielding an ion-ion
distribution time T (prarget)-

As depicted in figure 2.2, the architecture is divided into three stages: entanglement
creation in the elementary links (1), entanglement propagation along the repeater chain
(2), and edges-to-ion swap (3). Each of these steps has been already studied, and we now
combine the partial results from the previous sections. For simplicity, we neglect dark
counts and assume symmetry between the upper and lower chains, as well as between
Alice’s and Bob's hubs.

Entanglement creation (1) Starting with entanglement creation, based on the
previous perturbative study and equation (1.42), the contribution of the 1,2-photons
sectors yield the state

Pk = ‘\Ij+> <\I}+‘ + [(277Lnk - 3)’ ‘\Ij+> <\I/+’ + (1 - nLnk) ‘\112_> <‘I’2_}

(2.12)
+ (2 =) [W5) (T | -p+0(m).
with a fidelity
Foe = (U poc [¥T) =1 - (3= 2n) -p+0(p). (2.13)
and a heralding probability
Piok = 200k P + 27c(1 — 200) - ° + 0 (p?) . (2.14)

We quickly recall 7., is the efficiency of the heralding POVM element of the central
station elementary link, accounting for the long-distance transmission 7, and detection
efficiency noe, thUS N = Mot * M-
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Entanglement propagation (2) Once two elementary links are loaded, the entan-
glement can be propagated through the whole chain. Focusing on a single chain and
considering a second-order expansion, we expect an expanded density matrix of the form

pem = P + i) - p+0(p) (2.15)

where pgz comes from the one-photon contribution and pgﬁz from the two-photon

contribution. Using a computer algebra program, the computation yields

- 2 — Mehn 2
p = =T 10) (00| + ety (|

4 - nchn 4 - nChn

ﬁ(Q) _ (_2 + nchn)(48 - 307]Lnk + nchn(_20 + ]-377Lnk))
Chn 2(4 o nchn)Q
8Nk + Menn (—80 + Nenn (28 — 17010) + 44700)
+ A(—4 2 ’ ‘\Il+> <\Ij+‘
( + 77Chn)

- 100) (00|

(4— inchn)(4 — 30ink) o) (| (2.16)
(4 — Ncnn)
+ ;‘:3:; w5 ) (s |
12 T —4\({1 88 ;Ch?nmk + 1702, )\11;+> <\11;+
12Tt RO T £ 1T g (|

whith 7., the entanglement swapping efficiency, as defined in section 1.2 and where we
defined the orthonormal basis

¥y = '02>\;§20> |92, ) = 7 102) £ /1 - 293 1) + 75 - 20),

under the condition
t+1=\ (- =\ 1 517
<2>+<2> 4 @17

In our situation, a proper decomposition of the state gives

4 — ey = \/80 + (=72 + 17n00)

Yy = (2.18)
V21602~ 11)? + (4 = 1+ /B0 (1T — 72))2
When both elementary links are loaded, the probability of achieving the swap is
4 — Nenn 27k — Nehn (8 — d71y
IP)Chn = nChn% + Tlchn ok 77Ch8( i k) -p +0 (p) . (2.1 9)
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and the fidelity of pc,, with a Bell pair reads

_ 2 + 877Lnk + nChn (80 - nchn(28 - 1777Lnk) - 4477Lnk) .
4 — Nenn 4(4 — nepn )2

p+o(p). (2.20)

lon swap (3) Once the two chains are loaded, the 4-clicks heralding swaps the
excitation from the chains to the ions, with probability P, resulting in a state with the
fidelity F,,. Due to the complexity of the computation, we rely on the strategy developed
in section C.2. Briefly, this strategy decomposes the state p.,, over the orthogonal basis
pi = |¥;) (¥;|, rather than in terms of n-photon sectors. Concretely, for each chain we
write

pon = Y _ i+ pi, (2.21)
%

with {a;} and {p;} defined from this decomposition. The coefficients a; carry the p-
expansion up to second order, such that a; = a; + 3; - p + 0 (p). The index i is defined in
table 2.1, for instance i = 2 yields

p2=[T7) (T
as = 2 +p- 87k + Menn (—80 + Menn (28 — 17110 ) + 44710 (2.22)
4 — Tlchn 4(_4 + 77Chn)2 '

We introduce p; ® p; for the components of pc,, ® peve. Based on this decomposition,
we build table 2.1 and identify the coefficients {«;} and {5;}. Table 2.2 then shows the
heralding probability P; ; and the fidelity 7; ; for every term p; ® p;. Since the expansion
cut-off is at order p?, F,, and P, do not involve f; - B; terms, and we therefore restrict
the table to i = 1,2. Furthermore, to avoid duplication, the symmetric pairs i «— j
are omitted. Finally, combining the two tables with the following expressions yields the
desired ion-swap heralding probability and associated fidelity:

Poo =Pl + Pl -p+0(p) (2.23)
e (Fe)_Fw B
Fop = 20 ~ Lo Zen ) 4o (p) (2.24)
RN
with ) )
Fo) = > aiay Py T Fo) = > (B + a;Bi) - PiFiy
.3 1,J
(2.25)
Py = > aia; - Piy P2 = > (B + i) - Piy.
.3 1,J

Due to the length, we do not provide the full analytical result and restrict the study to
a numerical results. Note that we recover the general results of section 1.1.2 for the
fidelity, with an explicit expression of the 2-photon contribution and its associated dilution
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correction: ) . )
ﬁ(2) o ‘Ez()n) i Egn) . Pl(on)
lon — .
p® Pl(oln) p®)

lon lon

FO _ F.E,P
lon P(l)v

lon

(2.26)

The probability, on the contrary, does not carry any dilution factor, this is a direct
consequence of the assumption that the initial state from the repeater chains is already
normalized

Pl =Pl BY =p?. (2.27)

lon = lon » lon lon

Also note that the zeroth-order coefficient of the fidelity is unity by construction: ]:',gﬁ =
Fml) = 1.

Distribution time From section C.1, the entanglement distribution time T reads

oo (3L 2L 1
o 2 M C IEDlon ° IPJChn : ]P)Lnk7

where M is the number of modes, v« = ¢/ L = 2 ¢/ Leh, the elementary link distribution

rate, P is the heralding probability of a single elementary link, P, = Ps,, is the
probability of loading one chain (i.e achieving the entanglement swapping while the two
elementary links are loaded), and P, is the heralding probability of the 4-clicks protocol
while having the two repeater-chain loaded. The (3/2)? factor is the synchronization
factor from both parallelization of the elementary link loading and link-chain loading,
formally

Pror = (%Pchn) P, = (% (%]P)Lnk) ]P)Chn) P (2.28)
From Equation 2.14, Equation 2.19 and Equation 2.23, the probabilities decompose as

Poy =BL) p+ B0 97 +0 (7).
IP)Ion = IP)I(oln) + IEbl(ozn) "p+o0 (p) :

We thus obtain the first-order expansion

1 B 1 —1
]P)Lnk : ]P)Chn : IP)Ion Plfr}k) . ]fpgﬁz : ]E(oln) g
_ RO BO) B 4B BB 4 BB RG220

~ ~ ~ 2
GERZ

leading to the distribution time

7—1W. 1 7@ +o(1), (2.31)
p
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po_ (3L Lo 1
2) M 2c¢ PE:k)_]p(l)_P(l)’

Chn lon
) _ _ (3) 1L pE PR Ry + B PR B + B RGP
- 2
Mze (B0 25 P

(2.32)

| Swap i Ton

Figure 2.2: Practical example of a dual-rail, two-link, full repeater chain of length
Le,, = 500km. The three stages are highlighted in blue (entanglement creation), green
(entanglement swapping), and red (ion swapping).

2.1.3 .Numerical study

In this numerical study we expect the traditional trade-off between entanglement
quality and distribution time. To make this trade-off explicit, we plot the distribution
time T as a function of the ion-ion fidelity F, giving a numerical estimate of the
distribution time for a target fidelity Fr,4e. The linear dependence in p makes this
straightforward. Given a target fidelity F, ., the p-expansion from equation (2.24) fixes
the pump parameter

(1)
FTarget - -FTarget

~ (2.33)
Frae:

_ 7-(2) —
FTarget - fTarget + Target . pTarget - pTarget -

The distribution time thus becomes a function of the target fidelity 77, such that

7-(2)
fTarget

T=70. T
(1
]:Target - -F'Igar)get

+T® +0(1). (2.34)
This highlights the advantages of including the 2-photon contribution in the model: the
fidelity is now pump parameter-dependent, coupled with the distribution time through a
shared degree of freedom. In the ideal 1-photon scenario, the ion-ion entanglement is a
pure Bell state by construction, leaving fidelity and distribution time decorrelated.

Figure 2.3 shows the distribution time 7" as a function of F,, for different memory
efficiencies ny.n, for a repeater length L¢,, = 500km and Lq,, = 250 km respectively.
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i Pi Q; Bi
1 |00> 2—7swp (*2+77$wp)(48*30mnk+7l$wp(*20+1377Lnk))
4*77Swp 2(4*7]Swp)2
2 ]\I/+> 2 8nLnk+Mswp (—80+M5wp (28— 17710k ) +44710k)
4*775wp 4(4*7]Swp)2
_ 4—3nsw )(47377Lnk)
3 U ( P
v | 0 13- 5w
- 4_SZZLnk
4 |\I’2> 0 8—2nswp
5 ‘\If_ > 0 12— —/80—=T2nL 0 +1702,,
a4+ 4(4_77$wp)
6 ‘\If_ > 0 12— Tty /80—=T2nL 0k +1702,
a— 4(4_775wp)

Table 2.1:

Table built from the expression of pq, in Equation 2.20. Each term

p; of the mixture p,, and their respective coefficients «; and g;. We recall a; =
a; + Bi-p+o(p).

il Fig - Nij Pi;

11 0 0

112 0 0

113 0 0

14 0 0

T 0 (1 — 2a?) - Ten

1]6 0 (1 — 2a2) - oo

2|1 0 0

2|2 n%n m‘é,n

23 0 T

2|4 (4 = 31)ey) oo (4 — 31y T

2|5 % (2- a+\/m — o) = Thon = @311 ) | 2 (2(1 = 20)(2 = 1) + 0% (4 = 311
2|6 <2 —a_+/4—8a%(2 = Non) — Non — a%nlon) oo (2(1 = 2a-)(2 = Mon) + a% (4 = 31n))

Table 2.2: Values of the fidelity F; ; and 4-clicks heralding probability P; ; for each
term p; ® p; of pen ® penn. The indices i and j refers to the index of Table 2.1.
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Targeting a fidelity F,, ~ 0.9 with a memory efficiency ny. ~ 0.5, the distribution time
reaches the order of 10s at 250 km and 1 min at 500 km, demonstrating the feasibility
of the architecture. As it will be discussed in the next section, we noticedd a 1/73..
dependence on the memory efficiency, reflecting the six simultaneous memory uses
along the protocol: one for the chain, and four for the 4-clicks heralding. This sensitivity
to nvem highlights the central role of memory lifetime in the system: a long-lived memory
keeps loaded subsystems available across multiple trials of the remaining ones, reducing
the probability of starting from scratch. A different parallelization scheme could lower
this exponent from six to four, as discussed in the next section.

2-Links Chain of Length 250km 2-Links Chain of Length 500km

10! 4

o
o
N

100 4

Distribution time (s)
o
o
Memory efficiency
Distribution time (s)
o
o
Memory efficiency

\
\

10-1 4

l0_3 1004

T T T T T T
0 0.75 0.80 0.85 0.90 0.95 0.70 0.75 0.80 0.85 0.90 0.
Targeted Fidelity Targeted Fidelity

34
©

0.

~
©

5

(a) Distribution time T as a function of the (b) Distribution time T as a function of the
targeted ion-pair fidelity F,, for different targeted ion-pair fidelity F,, for different
memory efficiencies 7., at a total distance of = memory efficiencies 7., at a total distance of
250 km (elementary links of 125 km). 500 km (elementary links of 250 km).

Figure 2.3: Distribution time 7" of a full repeater as a function of the targeted ion-pair
fidelity F,, for several memory efficiencies ny... We use practical parameters are taken
from table 1.

Panel (a) corresponds to a total repeater distance of 250 km, and panel (b) to 500 km.
For a target fidelity F,, ~ 0.9 and a memory efficiency ny. ~ 0.5, the distribution time
reaches the order of 10s at 250 km and 50s at 500 km, demonstrating the feasibility of
the architecture.

—

2.1.4 .Alternative protocol

The numerical results exhibit a T o 1/5. scaling for the distribution time. This
exponent reflects the parallelization scheme of the architecture: the two repeater chains
are loaded independently, contributing a single simultaneous memory use, while the
ion swap requires the four edge memories of the chains to be released simultaneously,
contributing to four joint memory uses. Memory efficiency ny.. is part of the dominant
experimental constraints of the protocol. Despite substantial efforts to mitigate memory
loss, it remains a challenging aspects of the repeater architecture, and its impact on
the distribution time motivates the search for parallelization schemes that lower the
exponent [13]. As seen, the 1-photon contribution of such a parallelization gives the
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probabilities
P =2 M- p

4—n 1
. . — T/swp
Psup = Tsup 1 TMem <1 Tswp OX Thiem (2.35)
2 4
P :( 2 ) . on Thon O Tlhtem
lon 4 _ nswp 8

We therefore consider an alternative scheme in which the ion swap is performed be-
fore the chain swap. This choice trades parallelization at the chain level for parallelization
at the ion level: loading the chain now requires two simultaneous memory uses 7} =~ —
n2..., but each gateway swaps its ion independently, reducing the four simultaneous
memory uses of the ion swap to two independent uses of two 7. — n2... The overall
scaling thus becomes T « 1/t mitigating the memory-efficiency bottleneck at the cost
of a more demanding chain-loading stage. Concretely, the 1-photon contribution of such
a parallelization gives the probabilities

Pu=2 nn-p

2n2 !
P, = Mlswp NMem <1 2 2 (2.36)
WP (6 — nlon)Q nlon (8 nMem' *
2 2 2
P _ nDet (3 _ nlon) Tllon X nMem

lon — 4

In figure 2.4, we plot for both scenarios the distribution time 7" as a function of nyen
for several values of F,,. The respective 1/50.. and 1/n.  dependences are visible
confirming the analysis above. We actually observe a power 5.3 and 4.3 dependance,
and not a strict 5 and 4, since the derivation is only valid for the asymptotic limit nyen — 0:
the black curves match the asymptotic behavior at small 9., and deviate from the model
curves as nyen increases. Still, scenario 2 outperforms scenario 1 over the whole range
of nwem. This conclusion holds for the particular architecture studied here, with only two
elementary links per chain. In a more general situation with N = 2" elementary links,
loading a chain requires n,.... simultaneous memory uses, so parallelizing the ion swap is
advantageous only when n < 2.

2.2 .Matching photon waveforms

2.2.1.The shape-mismatch problem

The heterogeneous network described above involves ion-based metropolitan net-
works with atomic-ensemble-based long-distance link. Atomic ensembles benefit from
strong light-matter coupling and large multiplexing capacity, making them suitable for en-
tanglement generation over long distances [12, 38], while denser metropolitan networks
rely on individually controlled systems for multi-node synchronization and local process-
ing [37, 38]. Such a heterogeneity raises the issue of interfacing disparate quantum
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2-Links Chain of Length 500km
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Figure 2.4: Distribution time as a function of the memory efficiency for different target
fidelities, over a 500 km repeater link. The two scenarios are compared: protocol 1 (ion
swap last) in solid lines, and protocol 2 (atom swap last) in dashed lines. The asymptotic
power-law dependences in 7y, are overlaid.

systems, where photons of different origin must interfere on a beam-splitter. Precisely,
mismatched photon shapes degrades indistinguishability, reducing the heralded ion-ion
entanglement quality [121].

In practice, considering 4°Ca™ ion metropolitan nodes [45] and Pr3+:Y,SiO5 rare-
earth-doped for long-distance backbone hubs memory [35], photons emitted by the
ion are roughly one order of magnitude longer than the atomic-ensemble ones, with
a relative overlap of 10%. Seeking high photon indistinguishability, [121] proposes to
exploit the collective behaviour of the atomic frequency comb protocol (AFC) of the atomic
memory to reshape the photon, stretching its temporal profile to match the ion one.
Concretely, the protocol replaces the single readout m-pulse of the standard AFC echo
by a sequence of weaker partial readout pulses, each releasing a controlled fraction of
the stored excitation, so that the output photon is reconstructed bin by bin into a target
temporal envelope matching the ion-emitted shape. See figure 2.5 for illustration. Such
a procedure reaches an overlap of 90% with the ion waveform, while preserving most of
the memory efficiency. The following paragraphs study the impact of such a stretching
on the overall repeater performance.

2.2.2 .Analytical derivation

Let us provide analytical expressions of the ion-ion fidelity F,, and the ion-swap
probability P,,. First, let us focus on a single interface (b, dT), where the mode b carries
the ion photon shape and d the AFC photon shape. Taking the atomic-ensemble photon
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Figure 2.5: Illustration of the stretching procedure. A short input photon is stored in the
atomic-ensemble memory. Based on the AFC protocol, a sequence of partial read-out
pulses releases fractions of the stored excitation, shaping the output to match the photon
emitted by the ion.

shape d as reference, we decompose b into two temporal modes: by fully overlapping
with d, and b, the residual mode orthogonal to d. Denoting z = |{0]b - at|0) \2 the overlap
parameter, the decomposition reads

b = Vbl +v1—zbl. (2.37)

We similarly denote 7, and - the detection efficiencies of the reference and orthogonal
modes, with 1., ~ 1L in practice. From appendix C.3, the beam-splitter relation then

reads
), by + d
V2 o (2.38)
it =z bf)—dgﬂﬁ bl —d} .
Ry~ —x .
V2 V2
and the no-click POVM element follows as
I = (1 — . bibo . (1 — plblbL
0 ( T ) ( nlon) ) (239)

Y =111

Restricting the model to the 1-photon contribution, we recall that the link-chain state
is actually a mixture between a Bell state and the vacuum due to the swaps, and we
additionally assume an imperfect ion emission

p?rlm = (1 - aChn) |00> <00| + Qlchn
Pron = (1 = tion) [00) (00] + von

LASEQ AN (2.40)
Ty (U], (2.41)

The same modelization applies to the other interfaces (cf, fT), (ef,nl), and (gf,it),
providing a suitable framework to extend the calculation.

60



Based on the modelization above and the full derivation of appendix C.4 the ion-swap
probability reads

2 2 n%n'(nén+x'5)2

Plon = Qcppy Qyon 8 ) (242)
heralding the state
L 9 o Man 2 > +\ (e
Pron = 7+aChnaon ‘\Il ><\II ‘
<2 "2 (g + @ 6)? 043
1 2 2 Men @ - -
+ | = — agn Qo S - v,
(2 T2k w-6)° v ]
yielding the fidelity
Fam b2 g2 M2 (2.44)
on = 5 «Q naon . .
T2 (gl e 0)]

A short qualitative study of the extreme scenarios x = 0, 1 gives:

+ Perfect overlap: as expected, we recover the result from section 2.1 when
considering a perfect overlap x = 1. The ion-ion state is a pure Bell state, that
is, a completely entangled state

pon = [TF) (U], (2.45)
and the ion swap probability reads
4
Py = ”é (2.46)

* No overlap: on the contrary, considering orthogonal modes = = 0, the ion and
links-chain photons do not interfere, resulting in a incoherent state which does not
carry entanglement

1 1
Pion = 5 ’01> (01| + 5 ‘10> <10| )

with a probability
2
B Mon on
8
In practice, the efficiency of detecting a photon in the reference mode or the orthogonal
mode are very close. The approximation n% < 1 with a first order expansion shows
1 22

Ful) =g+ (140 -2)

0 il 0
d Pion =t (1 -1
77|on> an on () g < + (z )

since 0 < x < 1 the fidelity and the probability exhibit opposite behavior with respect to
0. This exhib the usual trade-off between entanglement quality and distribution rate.
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2.2.3 .Results

The calculation above gives a practical estimation of the influence of the overlap on
the repeater efficiency which can be easily implemented numerically. In this section, we
provide the numerical implementation of a full repeater link of two elementary links, as
studied in section 2.1.2, with a shape mismatch z. Figure 2.6 shows the distribution time
according to the shaping mismatch x for different values of the ion-pair fidelity. In this
numerical implementation, we use a derivation up to 2-photon contribution, providing
a finer modelization of the impact of the mismatch. In practice, without stretching, one
has x = 0.1, the stretching method from [121] (shaping with cropped-echo) the overlap
reaches z = 0.9.

Figure 2.6 shows that some fidelities become unreachable for low overlap values.
This bound can be derived analytically from equation (2.47) providing the 1-photon
contribution to the ion-pair fidelity

1/2

+2<1+(1—x)

Fi(z) = i ) : (2.48)

1
2 nlon

under the assumption § < 1. Since the 1-photon sector is the only one contributing to the

Bell-state component (higher-order sectors only dilute the pair), the maximum reachable
fidelity is set by ﬁlgﬁ)(x). This gives a minimum overlap to reach a target fidelity F.:

N 1+ 22

Fnlw) < Fip)(0) ~ —

Tein = V 2Fion — 1. (2.49)

In the bare scenario without stretching, + = 0.1, the maximum reachable fidelity is
bounded to F7™ = 0.505. With the stretching method, x = 0.9 raises this bound to

lon

Fra = (.9. This quantitative gap motivates the necessity of a shaping procedure in any

lon

practical implementation of the ion-atom interface.

2.2.4 .Mixture

Up to this point, we have assumed a simple model in which the initial state p"

lon
is pure (up to a vacuum component). However, the actual state emitted by an ion is
rather described by a continuous mixture of non-orthogonal pure components. Here,
we generalize the previous calculation to this mixed-state scenario.

Concretely, the initial state generated by Alice’s ion pi” reads

Pron = / Pi(v) (2.50)

al bt(y) + al, &t (v) apb(v) + avé(y)
a0 v o) (o - &

with P, the mode emission probability distribution, such that [P, = 1, and ~ the
parameter indexing the family of non-orthogonal temporal modes for the spatial modes
b and c¢. Thus, neglecting the vacuum component for readability, the initial state is a
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Figure 2.6: Distribution time as a function of the overlap x for different target fidelities,
over a 500 km repeater link.

parametrized mixture over -y, and g

o = @ [79) (¥ 0 [7) (7| 0 1, @5
= // PM(a) [OF) (U | @ [0H) (| @ p°(76) dya dye (2.52)
= // PABﬁ(’YA, ’YB) d'YA d’YB . (2.53)

By construction, the ion-swap protocol relies on a non-trace-preserving quantum
channel &,,. Thus linearity of the channel naturally implies that the protocol applied to
a mixture is the mixture of the protocol. However, &, has been built in the scope of a
single temporal mode, implicitly fixing a specific shape 7, for each photon, so one needs
to generalize the channel to temporal mixtures. As a basis-invariant operation, the partial
trace extends directly to the temporal mixture, but the POVM element requires more care.
A naive extension such as II,, = fﬂgn d~ fails, as the modes {b,}, are not orthogonal
and this expression does not define a valid POVM on the full mode family. A shape-
independent POVM, valid for any photon shape « of a given spatial port, is therefore
required to apply the linearity argument.

We first build a no-click POVM element IT} acting uniformly on every shape of a spatial
mode b'. From appendix C.5, given an orthonormal basis {43, },, of the spatial mode b, the
operator

T 14
1 = Rl (2.54)
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is diagonal in the one-excitation subspace with respect to the family {b§ 10)}

T3 0) = [0) (2.55)
IT5 b1 |0) = Rien b1, |0) . (2.56)

Therefore, this POVM is suitable for detection on any shape of the spatial mode bf. Ex-
tending the construction to the remaining spatial modes ¢, d, e, f, g, h, ¢ yields a heralding
POVM II,,, robust to the mixture of the ion's emission.

With this unified POVM, the partial trace and the heralding measurement both act
linearly on the mixture, and the protocol of the mixture reduces to the mixture of the
protocol. Plugging this argument into the pure-state result of the previous section, the
heralded fidelity and probability of the full link read

Fion = / Pa(Va) Ps(7s) Frn™® dyu dvs, (2.57)
Pion = / PA(’YA)PB(’VB) IP’Z’:”B d’YA d’YB ) (2.58)

where F27® and P)A"® are the pure-state expressions evaluated at the shapes (v, 7).

2.3 .Multiplexing

2.3.1.Stretching and multiplexing

To boost entanglement distribution rate, we exploit the multiplexing capability of
hubs’ atomic-ensemble memories: several Bell-pair attempts can be stored in parallel

while waiting for classical feedback from the central station. In this picture, the multi-
L

mode capacity acts as a buffer: the cooldown time is used to attempt M = - trials
per cycle, where 7, is the time-bin duration. The resulting trial rate is v = Lﬂ/c i.e. an
improvement by a factor M
1
Py — MPL”k' (2.59)
Photon stretching modifies this picture: a stretched photon of duration 7o, > 7,
spans
Tstr
My, = —. (2.60)
Thin

The time bin serves as the temporal reference, in practice, since 7yom < Tor < Tion, WE
take the atomic-ensemble memory photon duration as reference, 7, = Taom. Ideally, the
stretched photon should not overlap a subsequent time bin that would have been filled
by a second photon (seef figure 2.7). That is, the signal photon should be followed by
M, — 1 empty bins, a requirement we refer to as the isolated photon constraint. While
photon stretching is essential to achieve photon matching and improve fidelity, its use in
a multiplexed architecture also imposes constraints that may limit repeater performance,
which we aim to evaluate here.
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If the isolated photon constraint is not satisfied, we may get detectable unwanted
events: two successful heraldings within the same M, window. Such events may be
either discard, reducing the distribution rate but preserving high fidelity, or accepted,
maintaining high distribution rate, but lowering the fidelity because of imperfection. This
highlight the usual trade-off between distribution rate and entanglement quality. In this
work, we adopt the first strategy where the detectable unwanted events are filtered to
preserve high fidelity. We thus distinguish the heralding probability Pc,,, announcing the
presence of a delocalized excitation at the two edge hubs of the chain, from the loading
probability P4, announcing such an excitation followed by M, — 1 empty bins, with
Ploas < P, by construction. See figure 2.7 for illustration.

Actually, not all unwanted events can be detected. For example, if the SPDC source
generates a photon pair with a lost idler photon, the signal photon may still be stored
in the memory without any heralding. Such missed-heralded events are invisible to the
central station and cannot be filtered out. If they occur within the M, window, they lead
to what called undetectable unwanted event. They generate an imperfect state p;,, reducing
the ion-ion fidelity. These events cannot be neglected: since 7, < 1 a signal photon may
reach the local hub memory while its idler is lost on the way to the long-distance central
station with non-negligible probability.

This degradation cannot be left unaddressed and must be quantified, photon stretch-
ing method may undermine the multiplexing advantage and thus reduce the overall
performance of the repeater. To evaluate the impact of stretching on the multiplexing
capability and repeater performance, we consider two realistic scenarios with and without
stretching, highlighting their respective advantages and limitations. We define M, =
Tion/ Toin @S the number of bins spanned by the ion waveform, so that the shape overlap
relates to the bin counts with z = T = Mar

Tion  Mion”

+ Scenario 1: we consider no stretching, exploiting the full potential of the multiplex-
ing, concretely M, = 1 and

1

M, =1 and T = M

<1 (2.61)

Mainly, the photon shape mismatch «x introduces distinguishability and suppresses
part of the interference, resulting in a lower fidelity. Additionally, the photon shape
mismatch x may slightly affect the ion-swap probability, depending on whether

nl = n or not.

* Scenario 2: we assume a near-perfect stretching and study its impact on the
multiplexing capabilities, concretely

MStI’
Mon

My, = M, and T = =1. (2.62)

In this context, the isolated photon constraint imposes to discard detectable un-
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Figure 2.7: lllustration of the isolated photon constraint. The stretched photon spans
My, time bins, while the native AFC photon spans a single time bin as a reference. The
constraint requires the M, — 1 time bins following the photon of interest to be empty, so
that no extra SPDC emission overlaps with the stretched photon window.

wanted events, which decreases the entanglement distribution rate. Additionally,
the contribution of missed-heralded events that populate the M, — 1 following
windows may reduce the ion-ion fidelity.

2.3.2 .Qualitative study

We first focus on a qualitative study, aiming to evaluate the performance of the
guantum repeater in the two scenarios. For simplicity, we consider minimal architecture
where each chain is composed of a single elementary link, P¢,, = P, of length L¢,, =
L = 250 km. Nevertheless, as it will be seen in the quantitative study, the general
behavior extends to a 2-links chain. For clarity, we assume a symmetric parameters on
the two back-bone edges, as well as identical detection efficiencies for the reference and
orthogonal modes n,, = 7..

The two relevant metrics are the ion-ion fidelity F,,, and the distribution time T". The
modelization of the two scenarios involves three quantities through which F,, and T'may
be affected. First, the repeater chain loading probability P., may be affected by the
discarding of unwanted events, since we consider the chain loaded when a single photon
populates the M, bins. Second, the ion-swap probability P, (x) may be affected by the
mismatch z. Finally, the fidelity F, (x) is affected in two ways: by the mismatch = and
the missed-heralded events, which cannot be filtered and may produce imperfet state
pimp- We therefore focus on Pio.q, Pon (2), and Fq, ().

Scenario 1 Inthis scenario, we assume no stretching and all heralded events are kept,
thus the loading probability reduces to the heralding probability of the chain

IP>Load - ]PChn == PLnk - 27]Lnkp + Tnk (1 - 277Lnk) p2 +0 (p2) 5 (263)
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where the last equality comes from the fact that the chain is composed of a single
elementary link. Additionally, from equation (2.42) and 6 = 1., — 7. = 0, the ion-swap
probability P,,, is not affected
. 5)? 4
(o) = Don (L H 2O _ T,

Pion = 2.64
| 3 2 (2.64)

Thus, the overall distribution rate is not affected by the mismatch. The fidelity reads
Fon(2) = Fis) (@) + B (2) p+ 0 (), (2.65)

with ;E.E,P (z) given in equation (2.47). The 2-photon sector does not contribute to
the generation of Bell pairs, and only degrades the fidelity with the dilution correction
(c.f. equation (1.29)). Concretely, £ (z) < 0, and £ (z) represents the maximal
achievable fidelity, reached in the ideal limit p — 0. Therefore, setting x = 1/M,,, the
ion-ion fidelity is bounded by

1+22 M2 +1

Fune) < 58 = Mt L (2:66

str

In practice My, = % = 10, thus the bound stands

Fon (1/M,,) < 0.505, (2.67)

showing the unfeasibility of distributing high quality entangled with photon mismatch.

Scenario 2 In this scenario, the AFC photon is stretched and the isolated photon
constraint applies. Requiring a single photon followed by M, — 1 empty bins, the loading
probability reads

Prost = Pepn (1 — Pepg) M1 (2.68)

For a single-link chain, Pe,, = Pl = 27 p. Since nup < 1, the loading probability
reduces to

]P)Load — (]- - 2(]\4str - 1)"7Ln|< p) 2nLnk p; (269)

so filtering unwanted events lowers the probability by a factor a% =1—2(My — 1) i p-
Realistic numbers p = 1072, 5., = 3-1072 and M,,, = 10 give 04% =1-5.4-107* =0 (107?),
which is not perceptible. Regarding the fidelity, the distinguishability vanishes since x = 1,
and the only source of degradation comes from the missed-heralded events that may
populate the M, — 1 bins. For a single-link chain, the probability of a missed-heralded
photon reads

IP)missed = (1 - nLnk) D- (270)
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The probability of generating an imperfect state within the M, — 1 window follows
Prnp = 1 — (1 = Prigeed) ™' = (M — 1) Rinep, (2.71)
yielding a heralded state
Proad = (1 = Pinp) Pcvn + Pimp Pimp- (2.72)

In a restricted scenario, we assume p,,, does not contribute to the fidelity (i.e. we set its
fidelity to zero), giving a conservative lower bound. For two rails, the resulting fidelity is
.Eﬁn =(1- IP’imp)2 Fon: Which defines the reduction factor

CK:%_— = (1 - Pimp>2 ~ 1 - 2 (Mstr - 1) RLnkpy (273)

requiring M, - p < 1 to get oé close to 1. Numerically, a targeted fidelity Fr,pec = 0.9
with M, = 10 bins leads to a; = 0.9, yielding a final fidelity F,,, ~ 0.8. This may trigger a
reactive behavior where a lower p is required to restore F,,, = 0.9, lowering the ion-swap
probability P,,,. This coupling needs a sharper numerical study which accounts for all joint
effects.

This qualitative study exhibits two down factors for Scenario 2: a probability and a
fidelity denoted a% and aﬁ respectively. The probability down factor, as a consequence
of the filtering, calls for My, n..p < 1, seeking for low unwanted heralded photons
(governed by 7., p) within the empty-bin constraint (governed by M,). On the contrary,
the fidelity down factor comes from missed-heralded events and calls for M, R..p < 1, a
regime of high transmission probability (governed at first order by R, p) with low empty-
bin constraint (governed by M,,). Thus, while sharing the same base M, p, the two factors
compete: a]ﬁ favors a short repeater (R, < 1), whereas afT favors a long one (n., < 1).
This competition is balanced in the next section with a numerical study.

In summary, this qualitative study showed that keeping the native photon shape does
not affect the entanglement distribution time, but the fidelity is bounded by F, < 0.505,
which makes the entanglement unusable. A quick estimation of the isolated photon
constraintimpact on the fidelity in the stretched scenario shows a reduction of about 10%
due to missed-heralded photons, while discarding events polluted by extra photons in the
Mg, window is almost invisible. As expected, the impact of the isolation constraint on the
fidelity cannot be neglected and must be taken into account in the model. This qualitative
study also exhibits a common quantity M, p as a figure of merit both for probability and
fidelity down factor. This comes from the physical interpretation that the probability of
generating a photon pair across My, bins reads My, p.

2.3.3 .Numerical study

We now turn to a numerical study of the discussion above. We extend the imple-
mentation of section 2.2 with the isolation constraint developed in the previous section,
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which accounts for all the effects described above. Concretely, we give numbers for
the implementation a 500 km dual-rail full repeater link over a 2-link chain, up to the
contribution of the 2-photon sector, whith shaping mismatch modelization = and its
influence on the multiplexing capabilities.

First, we compare Scenario 1 and Scenario 2 in figure 2.8a, plotting the ion-swap
probability P, as a function of the targeted ion-pair fidelity F,, for several values of
the mode constraint M,. AS T,/ Ton = My, We set z = 1/M,, for Scenario 1. The ideal
case z = 1, M, = 1 is shown as a reference. As expected, in Scenario 1 most fidelities
are out of reach, a direct consequence of

1+22 M2+1

Fon () < —5— = 555 (2.74)

str

Scenario 2, on the contrary, stays robust with respect to M,,: at a targeted fidelity F,, =
0.8 with M, = 10, the ion-swap probability only drops from 7.5 - 107® to 4 - 1075, The
probability is also less sensitive to the constraint as the targeted fidelity approaches 1,
which works in our favor.

The qualitative study brought out two down factors, aﬁr ~ 1-—2MR.p and 04% ~
1 —2Mgn.p, degrading respectively the ion-pair fidelity F,,, and the ion-swap probability
P... We thus look for a regime which need to be balance: setting M, R, ..p < 1tosuppress
missed-herald events (i.e. aﬁ calls for short-distance link), while keeping M, n..p < 1,
to suppress heralded unwanted events (i.e. a]}ﬁ calls for long-distance link). Obviously,
both cannot hold at once since R, = 1 — 1. and the qualitative study cannot conclude
the trade-off. We thus provides a numerical study, with figure 2.8b plotting the two down
factors as a function of the repeater length, for several values of the mode constraint M.
We first notice the plot shows the expected behavior: a short repeater favors the fidelity,
while a long repeater favors the probability. The overall balance, however, turns to long-
distance repeaters, with a transition for L, =~ 50km. For L, > 100km, a]ﬁ improves
sharply from 0.85 to nearly 1, consistent with a3 = O (10~?) in the qualitative analysis,
while aﬁc degrades weakly, only from 0.98 to 0.95. This agrees with the qualitative study,
which identified, at Lg,, = 250 km, the fidelity loss from undetected unwanted events as

the main source of degradation.

69



2-Links Chain of Length 500km

=== Scenario 1
—— Scenario 2
Ideal Scenario

s
~
o

|y = e
o N w
I} u =}

Probability

o
N
o

Mode number constraint

o
%
o

o
N
a

0.00 4

Fidelity

(a) lon-swap probability P,,, as a function of the
targeted ion-pair fidelity 7., for several values
of the mode constraint M, , over a 500 km
2-links chain. Dashed lines show Scenario 1
(no stretching with = 1/M,), solid lines
Scenario 2 (near-perfect stretching x ~ 1 and
M, > 1), and the dash-dotted line the ideal
case z = 1, M,, = 1. In Scenario 1 the fidelity
is bounded by (1 + 22)/2, leaving most targets
out of reach, and Scenario 2 stays robust with
respect to M.
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3 -Exact modeling of an elementary link

The previous chapter introduced a model of the complete quantum repeater ar-
chitecture, from the description of an elementary link up to the interface between the
long-distance backbone and metropolitan networks. This model relies on a perturbative
expansion of the source state, truncated at second order in the pump parameter p. While
this expansion captures the essential behavior of the architecture, it does not take into
account the contributions beyond the two-photon sector and therefore remains valid only
in the low-pump regime. In this chapter, we lift this restriction and derive an exact model
of the elementary link, accounting for the full multi-photon contribution of the source.
From this exact treatment, we derive the link state in the Fock basis, the entanglement
distribution rate and fidelity, the local detection statistics, the coherences from single-
photon interferometry, and an entanglement witness.

3.1 .Exact computation

3.1.1.State shared by Alice and Bob

Consider the set-up from Figure 3.1. Two SPDC sources feed a 50/50 beam-splitter
mixing the modes ci and cl, followed by a click/no-click heralding measurement. The
efficiencies of the central station, Alice’s hub, and Bob’s hub are denoted 7, 74, and 7,
with associated losses R, = 1 — 1., Ra, @and Rg. The dark-counts are dc,,, dc,, dcg, and
the pump parameters of the two SPDC sources are p, and ps. The state shared by Alice
and Bob reads

1
Pk = 37 Tencs [\/Hm Vs phoge ® poone - Ul - \/Hmk] : (3.1)

where pf,.. and p2,,. are the states emitted by the two SPDC sources, Uss is the beam-
splitter evolution, 11, is the POVM associated with the click/no-click heralding event at
the central station, and A the normalized constant.

The full derivation of p., is detailed in appendix D.1. In a nutshell, this derivation
relies on building a non-unitary matrix M that encodes both the mode mixing induced
by the beam-splitter and the photon losses along the process. Based on singular value
decomposition (SVD) of this matrix M, we define two rotated mode bases, m,, mg —
m},m, onthe memory side and c,, cs — ¢, ¢, on the central-station side:

exp [(CI Cg) M (Z/})] = exp [(Lr . ch m;T +o_-co mgf] : (3.2)

B
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Figure 3.1: Optical setup of an elementary link. Each hub hosts an SPDC source and an
atomic-ensemble memory. The source, parameterized by a pump parameter p, (resp. ps),
generates signal-idler photon pairs in the memory mode m, (resp. mg) and the long-
distance channel mode ¢, (resp. ¢z). The central station mixes the modes ¢, and ¢z on
a 50 — 50 beam-splitter, and a single click projects the memory modes onto an entangled
state.

Using the basis-invariant of the trace Tr, o, = Tr .+ .- and the identity
) =exp [ow clmE | 100) = Tr [19) (] = i (00), (33)

with pTherm(Ui) the thermal state as defined below, the calculation reduces to the SVD
computation of the matrix M. The resulting state is a thermal state pr..n €Xpressed in
the rotated modes m, and m,, in which the entanglement is carried. The procedure
is equivalent to a standard Gaussian-optics treatment, here we keep the Fock-space
representation as it offers a clearer physical interpretation in the low-pump regime and
matches the diagonal structure of the heralding POVM in the photon-number basis.

The derivation, detailed in appendix D.1 and appendix D.2, yields

1 13 + —
Punk = ﬁ pTherm (U+) ® pTherm ( ) - ﬁ : p‘lr'ﬁ;m (w+) ® p‘?f?:;m (w*) ) (34)

carrying the fidelity

C, C,
Cy— (1 —dcw) Cy

Fiok = [Smi + 502 — (1 —dey) (Whw? + Wow?) } (3.5)
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heralded with probability

1 1 —dcuy

Pow = (1= de)1 =2 (=) [y ~ oo | 89

The thermal state p¢,.... () on mode a is defined as

a _ 1 n(z) \" I
Pherm () = T+ zn: (H—n(:c)> In)(nl,  with: 7n(z) = 1.2 (3.7)
The factor £ is defined as
(1-02)(1—-02)
£ =(1—dcy)- + — (3.8)

(1 —wi)(l—w?)

The quantities o (resp. w4) are the singular values of the 2 x 2 matrix M, (resp. M,,),
and the modes m}, m; (resp. m},, m;,) are the linear combinations of m, and m; defined
by the singular decomposition of M, (resp. M,,). Both matrices characterize the optical
set-up, and are derived in section D.1 as

Mo_1<\/p7‘ VpARL“) M \/E(\/E‘ m). (3.9)

\ﬁ \/ZTB —VPs R ¢ \/§ \/ZTB _\/ZTB
The singular values o, w+ and the rotated modes m}, m_, m},, m_, are defined through
M, =U} - <J+ O) Vo My=U}- (”* O)-vw, (3.10)
0 o_ 0 w-
and

(3.11)

m} [ QF QF\ [(ma '
m,, “\me Q. QF mg
From this SVD decomposition, we introduced the thermal envelopes

Cr=(1-02)1-0%), C,=(1-wl)l-uw?), (3.12)

so that ¢ = (1 — dc.) Cy/C,, together with the Bell-pair overlaps onto the collective

modes
R R ) a1

S, =
+ 2 ’ 2

(3.13)
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A straightforward computer algebra program gives

ot = %\/(PA +p3)(1 + RLnk) + \/(PA +PB)2(1 + RLnk)2 — 16 paps Rink

(3.14)
Wy = NN w_ = /pe R
We introduce
1 1 5 5
[y(z,y) = Z(W +pey) (1 + Rin) £ Z\/(pr + pey)2(1 + Rin)? — 16 R paz psy, (3.15)

sothat o =T4(1,1).

Symmetric case: The general case p, # ps produces lengthy expressions for o,
ws, Uy, and U,,. The repeater typically operates in a symmetric regime p, ~ ps, SO the
assumption p, = ps = p is a reasonable working hypothesis. This yields

S o = JoRm omt=TatTe me = TAZ s
V2 V2 (3.16)
ma + Mg _ —ma + Mg )
Wy = R, w_ = /pR, mp=—_—_-2 m, = ————
+ Pk PLE \/§ \/5
The heralding probability simplifies to
1 —dc)(1—
]P)Lnk = ( (1 _I_Rk>(kp)2 p) ' |:p : (]- - RLnk) + chnk : (1 - p)]7 (317)
Ln
and the shared state becomes
1 — pRin, matms e

V2 V2
nk — . erm ® erm ( R n )
P p(1 — Ri) + dc(1 — p) P (vP) @ pr, \/p Lk

(1 - chnk)<1 - p) mA\-/gmB —m%mB
p(l - RLnk) + chnk(l — p) Prherm (\/pRLnk> ® Prherm (\/pRLnk> .
3.18)

Physical interpretation and numerical results

At first glance, the expression of p., in equation (3.4) appears to be separable: it is
written as a linear combination of tensor products of thermal states, with no obvious
entanglement between the two sides. However, the thermal states do not live on the
memory modes m, and m; themselves, but on the collective modes m* and m? defined
as linear combinations of m, and mg via M, and M, SVDs. The entanglement between
Alice and Bob is therefore hidden in this collective basis: the two hubs do not share a
product state on local modes, but a delocalized excitation distributed across m* and m>.
In a symmetric ideal limit p, = ps = p, dc, = d¢g = 0, na = 1z = 1, the rotated modes

74



reduce to m} = (mu +ms)/v/2 and m; = (m, —ms)/v/2, and the state simplifies to

poc=(1=p) > p" [k+1) (k+ 1,5 ©10) (0], - (3.19)
k>0

The entanglement is now manifest: the symmetric mode m;} carries a delocalized
excitation between m, and mg, and in the perturbative limit p — 0, one recovers p., =
(W) (W],

Despite being introduced as a compact notation for the squared singular values of
M, and M, T'i(z,y) admits a direct physical interpretation. The quantities 'y (x,y)
and I'_(z,y) actually play the role of effective pump parameters for the two collective
modes, representing the thermal occupation of the optical modes. The arguments x and
y account for additional losses on Alice’s and Bob’s memory modes: they are set to 1
for the heralded state, and to R, or Rz when computing the local detection probabilities,
see equation (3.28) in the next section. Two limits clarify the role of this quantity. In the
lossless limit n., — 1, the pump concentrates on the symmetric collective mode m}

Nnk—1. T DA+ Y Ds
4 )

I (z,y) T (z,y) 2% 0, (3.20)

recovering the Schmidt structure of a pure beam-splitter operation on two inputs. In the
opposite limit R, — 1, the beam-splitter is fully lossy and no mode mixing occurs: the
two collective modes reduce to Alice’s and Bob's individual modes, each carrying its own

pump
RLnkHI RLnkﬁl

't (1,1) —=—— max(pa, ps), I'_(1,1) —=— min(pa, ps)- (3.21)

For intermediate values of R, the cross term —16 R ., pax psy under the square root
reduces the gap between I'y and I'_, reflecting the decoherence between the two
collective modes as the beam-splitter losses increase. In this sense, I'.. naturally describes
the joint Gaussian heralded state of Alice’s and Bob’s memories.

As a first numerical result, figure 3.2 shows the heralding probability P, as a function
of the pump parameter p for different values of the elementary link length L (symmetric
situation p, = ps = p). We first focus on figure 3.2a which displays the full theoretical
range p € [0,1]. This plot highlights the competition between two effects: high pump
parameter favors high photon emission and thus heralding clicks probability, but also
produces multi-photon contributions that is evenly distributed across the detectors with
the 50/50 beam-splitter, suppressing the single-click probability. This trade-off is clearly
visible for short links L ~ 1km: P, rises with p as single-photon emission becomes
more likely, reaches a maximum, then decreases beyond p ~ 0.5 as multi-photon
emission populates the two central station detectors. The maximum shifts to the right
as the repeater length increases, longer links mean a lossier channel n,, = 10—L/20,
suppressing multi-photon contributions and pushing back the threshold at which they
start to degrade the heralding probability. For practical lengths L > 100 km, the maximum
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is reached at pump values that are difficult to reach experimentally p > 0.8. Thus, in the
operational regime, P, behaves as a monotonically increasing function of p. This is the
regime shown in figure 3.2b, which zooms on 1072 < p < 0.3 and confirms the near-
linear behavior of P, with p in log-log scale. This plot also provides quantitative orders
of magnitude for practical implementations: typically P, ~ 10~* for L ~ 250 km and
p ~ 0.05, consistently with the rough estimate P, ~ p7nu = 0.05 x 0.003 ~ 1074,

Figure 3.3 shows the elementary link fidelity ., as a function of the pump parameter
for different values of the elementary length L (symmetric scenario p, = ps = p). To
begin with, let us focus on figure 3.3a when no dark-count is considered. The behavior
follows the analysis of section 1.1.2: the fidelity starts at 7, = 1 forp — 0 and
decreases as the pump parameter increases. As developed earlier, only the 1-photon
sector contributes to the fidelity, with .FL(nlk) = 1land ]—'L(nﬁ) = 0 for n # 1, thus raising the
pump parameter feeds the multi-photon sectors, which dilutes this 1-photon contribution
and lowers the fidelity. At fixed pump parameter the fidelity decreases with the repeater
length, a behavior expected from the drop in transmission efficiency, and the L — 0
and L — oo bounds are shown for clarity. The plot also reports the local operation
and classical communication (LOCC) bound Focc = 0.5, the maximum fidelity reachable
through local operations and classical communication. Thus, reaching a fidelity F,, < 0.5
cannot witness any entanglement. Note that the converse does not hold: an entangled
state can have F, < 0.5.

We also provide the plot for a non-null dark-count, figure 3.3b shows this case for
dc = 1075, The result carries more physical structure and deserves closer attention.
As p increases, the fidelity starts at 0, rises to a maximum or a plateau, then decreases.
This shape defines three regimes along the p axis: the dark-count floor (1), the heralding
window (2), and the multi-photon rolloff (3), described below.

+ Dark-count floor (1) At low pump parameter, the heralding is governed by dark-
counts: the pair-emission probability is small and an idler photon rarely reaches
the central station, thus most of the heralding clicks are dark-counts rather than
successful Bell measurements, which herald an empty state and do not contribute
to entanglement. This regime is captured by the perturbative expansion of the
fidelity derived in section 1.1.2. Keeping terms up to the 1-photon sector in
equation (1.29) the fidelity reads

(1)

P
Fiw=p o F), (3.22)
P

Lnk

since ]-'L(n(i) = 0. In order of magnitude, the 0-photon sector is heralded only by dark-
counts, Pfr?k) ~ dc.., while the 1-photon sector is heralded by the transmission of a
single photon to the central station, anlk) ~ N The fidelity is thus set by the signal-
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to-noise ratio SNR = pn.,/dc., between real photon detection and dark-counts

SNR«1

Fix —— 0. (3.23)

The two contributions balance for SNR = 1, i.e. at the pump threshold p,_, =
dc . /nu defining the frontier between the region (1) and region (2) with the set of
points {(p:_», Fux(p:_2))}. This threshold depends on the repeater length through
the transmission efficiency, p,_»(L) = dci/mm = dciy 10%5/10, and delimits the
border between regimes (1) and (2) on the plot. We report it on figure 3.3b
by evaluating F.. (p1_,(L)) for varying L. At p ~ p,_,, SPDC pairs and dark-
counts contribute equally to the heralding, yielding an equal-weight mixture of the
Bell pair and the empty sector, namely F..(p») = 0.5. The threshold therefore
tracks the LOCC bound over most of its range, however it shifts to higher pump
parameters as the repeater length grows: longer links lead to lower single-photon
transmission and larger p is needed to overcome the dark-count rate. Beyond
a hundred kilometers losses are too high and the 1-photon sector contribution
cannot match the dark-count rate without involving multi-photon contributions,
and the threshold fidelity F,.(p,_,) drops below 0.5 toward 0.

Heralding window (2) Beyond the dark-count-driven regime, raising p above p,_,
makes the 1-photon sector contribution predominant over the dark-counts. The
fidelity then rises with p until it reaches a maximum, where the balance between
the growing 1-photon contribution and the multi-photon dilution is optimal for the
entanglement quality. We thus define the boundary between (2) and (3) by the
points (p,_s, Fiu(p2.-3)), where p, 5 is the pump parameter at which the 1-photon
sector and the multi-photon contributions balance, ]:"L(nlk) (p23) = 0.5. This window,
and more precisely its maximum, defines the actual working regime of the repeater
that should be targeted with respect to the fidelity metric. For long quantum
repeaters, however, this window vanishes: the plot shows that for L > 500 km
the maximum fidelity never exceeds the LOCC bound. For such repeater length,
the transmission is too lossy and the 1-photon contribution cannot overcome the
dark-count rate without multi-photon dilution.

Multi-photon rolloff (3) Once the dark-count contribution becomes negligible,
the system gradually recovers a behavior similar to the dark-count-free case.
Thus, pushing p further degrades the fidelity through the growing weight of the
multi-photon sectors ¢ > 2, which dilute thes Bell pair with higher-order SPDC
contributions and drives the fidelity to 0 in the theoretical limit p — 1.
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(a) Full theoretical range p € [0, 1]. (b) Operational range 102 < p < 0.3 in log-log
scale, for L between 0 and 500 km.

Figure 3.2: Heralding probability P, of the elementary link as a function of the pump
parameter p, for several link lengths L (color), in the symmetric configuration p, = ps = p.
(a): the heralding probability rises with p, reaches a maximum, then decreases as multi-
photon emission populates both central-station detectors and suppresses the single-click
pattern. The maximum shifts to the right with L as lossy transmission suppress multi-
photon contributions and push the pump threshold at which multi-photons degrade P,,.
(b): in this regime P, is a near-linear increasing function of p, with orders of magnitude
P« =~ 1074 for L ~ 250 km and p ~ 0.05.
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Figure 3.3: Elementary link fidelity 7., as a function of the pump parameter p, for several
link lengths L (color), in the symmetric configuration p, = ps = p.

(a): the fidelity is a monotonically decreasing function of p, starting from unity at p — 0
and dropping as multi-photon contributions contaminate the heralded state.

(b): three regimes emerge along the p axis (see main text): the dark-count floor (1),
the heralding window (2), and the multi-photon rolloff (3). Circle dots mark the (1)—(2)
boundary, evaluated as Fi . (pH(L)) at the dark-count threshold p,_, 1.« = dc. Square
dots mark the (2)—(3) boundary, evaluated as ]:"L(nlk) = 0.5 where the 1-photon and multi-
photon contributions balance each other.

3.1.2.Local detection probabilities
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The exact expression of p., derived in equation (3.4) gives access to all observable
quantities at Alice’s and Bob’s nodes, in particular the local detection statistics. We
consider the set-up of figure 3.4, in which two non-resolving photodetectors are placed on
the memory modes m, and mg at Alice’s and Bob's hubs. Each detector is characterized
by its efficiency and dark-count rate, namely (7, dc,) on Alice’s side and (7, dcg) on Bob's
side, with associated losses R, = 1 — 1, Rs = 1 — 1z and complements k, = 1 — dc,,
kg = 1 — dcg. We denote IP;; the joint detection probability with i, j € {0, 1} standing for
click (1) or no-click (0) at Alice’s and Bob’s detectors respectively.

The derivation of the joint detection probabilities follows the same structure as the
exact computation of p,.. The beam-splitter at the central station and the photon losses
are encoded in a non-unitary mixing matrix, defining the collective memory modes m,,
and m,, over which the excitations are delocalized. The difference lies in the content of
this matrix: it now also encodes the losses at Alice’s and Bob's hubs, with 7, = 75, - Mem
collecting both detection and memory efficiencies on Alice’s side, and similarly for Bob.
Since the trace is now global, framing in the rotated mode basis yields (see appendix A.2)

o_ m+
‘w:exp[(ci C")<0 oo+> (m§>]'0> — = ey
(3.24)

with o* the singular values of the matrix M,. The function I'y(z,y) introduced earlier

naturally reappears here: its arguments x and y now carry the asymmetric losses R,
and R, encoding how the SVD structure of the mode-mixing and setting the thermal
population of the two collective modes.

From appendix A.1, the local POVM elements read

¢ (1, dc) = k- R*'@ (3.25)
If (n,dc) =1 — i+ R, (3.26)

which, in our context, leads to the joint probabilities
Pij = Tree [H;”A (a, dCa) ® HZWB (178, dCg) - pro] - (3.27)

Expanding the POVMs and applying the heralding constraint of the central station, this
trace is reduced to a sum of expectation values of operators of the form [ [, RZ‘LQ’“ acting
on the post-beam-splitter SPDC state, each of which can be computed via the SVD-based
trace identity exposed earlier. Anticipating a general result, the local probabilities are
given by setting a« = [ = 0 in the displaced local probabilities P, (a, B) derived in
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appendix D.3:

Pk PO RaKRgRink B HAHBank
(1=pa)(1=pg) " Lor (1 - F+ (RAv RB))(l - F—(RAv RB)) (1 - pARARLnk)(l - pBRBRLnk)
Pk POl _ RaKink B /iA/ifnk
(1=pa)(1=pe) " toc (1 -T4(Ra1))(1 =T (Ra 1)) (1= paRaRin)(1 — peRink)
B KKk N NN
(1 - P-i-(RAu RB))(l - F—(Rm RB)) (1 - pARARLnk)(l - pBRBRLnk)
Pk 10 _ RpRink _ /iglﬁgnk
A=pa)d=ps)™ (1 —T(1,Re))(1 = T-(1,Rs)) (1 — paRuin)(1 — psReRini)
B KaKgRink i /{AK’BK/Enk
(1 - F+<RAa RB))(l - F*(RAa RB)) (1 - pARARLnk)(l - pBRBRLnk)
Pk 11 Rink . RaRink
(=pa)(=pe)™ (1 -T4(1,1)) (1 =T-(1,1)) (1 =T4(Ra1))(1 —T—(Rn 1))
. RpKink _ lﬁfnk
(1 - I‘.,.(l, RB))(l - F—(L RB)) (1 - pARLnk)(]- - pBRLnk)
+ ”A“%nk + K’BKEnk
(1 - pARARLnk)(l - pBRLnk) (1 - pARLnk)(l - pBRBRLnk)
i KaKgKink _ KJAK/BK/Enk
(1 - F+(RAa RB))(l - F—(Rm RB)) (1 - pARARLnk)(l - pBRBRLnk)
(3.28)
where P, is the heralding probability from the last computation given by
Py = (1 — de) (1 = pa)(1 — po) : S e P

L—oD)1-0?) (I—wd)(1-u?)

and I'y is the auxiliary function introduced in the previous section

1 1
Iy (x, y) = Z(pr +pBy)(1 + RLnk) + Z\/(pr + pay)2(1 + RLnk)2 — 16 R paz psy. (3.30)

These four expressions give the local detection statistics entirely in terms of the physical
parameters pa, Ps, 1a, Ms; Mk, dCa, dCs, dC . This probabilities will be used in subsec-
tion 3.2.1 for benchmarking the model against the data obtained experimentally by the
De Riedmatten group.

As for the derivation of the exact state p.,, the expressions above are general but
analytically heavy, they are suitable for numerical evaluation rather than for analytical
study. However, one must be aware of potential numerical errors: each P;; is obtained
as a difference of terms of comparable magnitude, a direct consequence of the POVM

80



Figure 3.4: Optical setup of the joint local probability measurement on an elementary link.
Local detection at each node is described by the efficiencies 7, = 1., 75, for Alice and
Ms = Noem Mee: TOr Bob. In the symmetric scenario, we set p, = ps = p, s = 7 = 7ps, @aNd
likewise for the dark-count rate.

expansion. For instance, the joint probability Py; stems from

Ty [T,y = TIJATTB ITATIE (3.31)
T T
M ATNA 75CaCA
= Kk By AT R (3.32)
T T T
2 CRCB 75TMUATIA 15CaCA
— Kakipy - R Ry ™ R (3.33)
T T T
MRMMB A TNA 75CaCA

- /iBl‘fA/ank ° RB B RA A RLrﬁk (3.34)

2 m;mA mgmg CECB mI\mA CI\CA
+ Kgkaky - Ba Ry RETR, RA (3.35)

which is structurally a sum of marginal contributions. In a situation of low joint prob-
abilities, the marginal contributions may be close for cancellation, and a naive double-
precision evaluation can miss realistic values.

3.1.3 .Coherence Evaluation

While characterizing the population of the elementary link state, the joint local detec-
tion statistics derived above do not capture the coherence of the delocalized excitations.
A standard way to access this coherence is via single-photon interferometry [26]: the
memory modes are mixed on a balanced beam-splitter with a tunable relative phase ¢,
and the single-click probability PY(¢) is measured as a function of ¢. Under the Bell pair
mixture assumption, ¥ ) and |¥ ), the resulting fringes contrast is directly related to the
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off-diagonal coherence of the delocalized excitation. Concretely, for a state of the form

00 0O
p= e o) (v s ey | =4 | Dt L EED
0 00O
with ¢ € [—1, 1], the single-click probability reads
PY(6) = 1+ c;osqb’ (3.37)

so that the visibility directly gives |c|. In our context, this model is relevant only in the low-
pump regime, where Alice’s and Bob’'s memories share a single delocalized excitation.
Beyond this regime the derivation gives an exact visibility valid for all pump powers,
providing to the experimentalist a fined model accounting for all i-photon contributions.
It also offers a way to validate the model by comparing the predicted visibility with
experimental data.

In the setup depicted in figure 3.5, the two memory modes m, and m; are recombined
on a beam-splitter, and the single-click statistics are measured as a function of a relative
phase ¢. Thus, the visibility measurement adds a second beam-splitter, this time mixing
the memory modes m, and mg, together with a relative phase ¢. This stage is encoded
by a new mixing matrix M, bringing an additional rotation on the memory modes. The
probability is then obtained as a global trace over all modes, which becomes diagonal in
the rotated basis defined by the SVD of M, = M M, .

As algebrically heavy, we here provide the expression in the symmetric case p, = ps =
p, Ry = Ry = Ry, and without dark counts dc, = dcg = dc = O:

(1 - RAB)(l - pRLnk)
V= . (3.38)
(1 - pRAB)(l - pRABRLnk)
Standard limits are recovered, for instance the low-pump expansion reads
V = Nag + Nas (1 - (2 - nLnk)nAB)p +0 (p) ) (3.39)

recovering the lossy Bell-pair visibility with the first-order correction from the 2-photon
sector, and full lossy memories R,s — 1 destroy the coherence.

Figure 3.6 reports the numerical implementation of the interferometry fringes P¥ and
the resulting visibility V derived above. To begin with, figure 3.6a displays the fringes
PY (¢) for different pump values in the symmetric configuration. At low pump, the fringe
closely follows the mixture of Bell-pair reference with a sinusoidal profile. At high pump,
the contrast rises and the fringe shape turns into a narrow peak around ¢ = 0. This
is the expected behavior of multi-photon interference: the n-photon sectors contribute
with a phase ¢? and the resulting coherent sum narrows the fringe, similarly to a N-
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slit Young experiment. However, such a peaked profile should not be understood as an
improvement of the entanglement quality of the heralded state: the interpretation of
visibility as a coherence witness only stands on the Bell-pair mixture assumption, which
breaks when multi-photon sectors contribution are non-negligible. Additionnaly, the
pump range p € [0, 1] displayed here is illustrative as values p > 10~! for SPDC sources
are difficult to reach in practice. Figure 3.6b restricts the analysis to the experimentally
relevant low-pump regime. It shows the visibility as a function of the pump parameter for
different central-station dark-count values, for short length L = 100 m, aiming to match
a laboratory interferometric setup’. In this region, the visibility drops to zero as the dark-
count rises, this trend matches the perturbative analysis of section 1.1: at low pump, the
1-photon sector dominates and the elementary-link state reduces to the Bell-pair mixture

(1) _ 1 \ fpt 1 N\ fa—
Puo = 1+ KLnk Bk (1—Fink) ‘\Ij > <\I} ‘ * Kink(1—Fnk Bink) ‘\I/ > <l:[l ’ (340)
Kk (1—FLnk Bink) Kink Rk (1—FLnk)

where dc,,, balances the weights of [¥+) and |¥~) and deteriorates the coherence of the
heralded state.

3.2 .Experimental fit

In parallel to this theoretical work, the experimental group of H. de Riedmatten at
ICFO (Barcelona) implemented an experimental DLCZ-type elementary link. At the time of
writing, this implementation features two SPDC sources heralded by a central detection,
with on-demand solid-state quantum memories separated by a few meters [35]. The
group has characterized the two SPDC sources, measured the local detection probabilities
PY_ heralded by a central click, and performed visibility measurements on the heralded
state. This section confronts our exact model p, with two experimental data: an
unpublished set of local probability measurements, and the published set of visibility
measurements from [35].

3.2.1.Local probabilities

We fit the experimental local probabilities statistics IP’ZLZ;EX" with the ones from equa-
tion (3.28). The fit is performed on the four probabilities P, as a function of the pump
parameters p, and pg. It returns numerical values for the link parameters (efficiencies,
dark counts), benchmarking the consistency of the model with experimental data. The
remainder of the section presents the experimental setup, fitting method, and numerical
results.

In this fit, we use unpublished data of ICFO from a previous version of the elementary
link. As high pump parameter is hard to reach in practice, the measurements have been
taken in the low-pump regime, where the heralded state is close to a Bell pair. The data

"In the next section we fit this model with data from [35], data taken at short distance

83



Figure 3.5: Optical setup of the single-photon interference measurement. A phase ¢ is
applied to the mode m,, and the two memory modes are recombined on a 50-50 beam-
splitter followed by a single-click measurement I1,,. The single-click statistics as a function
of ¢, namely PY, results in interference fringes where the contrast is directly related to the

Bell pair coherence.
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Figure 3.6: Numerical evaluation of the interferometric fringes PY(¢) and of the resulting
visibility V derived above. Practical parameters are taken from table 1, in the symmetric
configuration p, = ps = p and n, = nz = nse. INn both panels, the dash-dotted line marks
the Bell-pair scenario from the perturbative study, setting asymptotic regime constraint
by the interferometer efficiency.

Panel (a) shows how the fringe profile departs from a pure cosine as the pump rises, with
multi-photon contributions sharpening the peak fringe.

Panel (b) shows the visibility for experimentally relevant low-pump regime, at link length
L =100 m, and quantifies how visibility collapse with the central-station dark-count.

set consists of five acquisition points spanning different pump powers, each built from
approximately 10° heralding events from a pump configuration p, = (p,(f),pék)). For
each point, the experimental team measured the pump powers and the local click counts
at Alice’s and Bob's side.

The theoretical model involves six fitting parameters: the efficiencies 7., 7., 75 and
the dark counts dc.,, dc,, dcg. Let & denote the set of fitting parameters. We define a
per-point p; cost as the weighted root-mean-square deviation between theoretical and

experimental probabilities:

.. .. 2
Pus™® (pk) — Piac(pr)
Lepr) = | oy ( ) : (3.41)

> 2
i, (Zz j PP (Pk))

where the coefficients {a;;} weight the contribution of each event, discussed below. The
total cost function combines the contributions of the five acquisition points {py }:

MSEe = > L2(pr)- (3.42)
k

We minimize MSE¢ with a least squared routine from SciPy. To mitigate the dependence
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on initialization which may lead to a local minima, we use a Monte Carlo method by
repeating the optimization over Ny, randomized initial parameters &,,. The optimization
is repeated over Ny, = 200 random initial parameters drawn over a wide range, the
distribution of the N solutions is then used to estimate optimal values and confidence
intervals. The weights {a;;} act as a fitting hyperparameters: in the low-pump regime,
Pll

Loc

is very small and its measurement is dominated by shot noise, so we set «;; = 0.1 to
reduce its influence, while keeping a;; = 1 for the other events.

Data preprocessing The model provides the local probabilities P/ as a function of
pr, While the raw experimental data is expressed in pump powers and click counts. Two
correspondences are therefore needed: one between the pump power P, in milliwatts
and the pump parameter p, and ps, and one between the click counts N;; and the local
probabilities PZ:2®.
« Pump parameter calibration The unheralded second-order autocorrelation of
a single SPDC arm follows the statistics

(3.43)

with (n) = p the mean photon-pair number [128]. Assuming a linear relation
between the pump power and the pump parameter Pnw = a - p, valid for low

pump parameter, we have
a

PmW.

g? =1+ (3.44)

Fitting this expression against the experimental ¢» and pump-power measure-
ments for each source yields

Alice:  a =178, R? =0.99,

(3.45)
Bob: a=13.84, R? =0.95,

with R the correlation coefficient, establishing the calibration between pump power
and pump parameter for each SPDC source.

* Local probabilities Let V;; be the click count for event (4, j) and Ny = Zij Nij
the total number of heralded events. The empirical local probability is

piiee _ Nij

. 3.46
Loc ]th ( )

Each of the five acquisition points thus provides four experimental probabilities P25
together with their associated pump parameters p, and ps.
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The Fit As a preliminary study, we performed the procedure described above over
N = 200 random initializations, considering a symmetric model where Alice's and Bob's
hubs share the same parameters: 1, = 17; = 1, and dc, = dcg = dc,g, With py, = pg = p.
Starting from an initial MSE;;, = 3 £ 2, nearly all fits converge to a common minimum
MSE; ~ 1.4-107242-1073, indicating a well-defined optimum 6 = (n%, dcoh, neet, dcSeh).
This symmetric model captures the correct order of magnitude, as reported in table 3.1,

validating the modeling approach, but it cannot resolve the imbalance between PYL and
PIO

Loc*

To address this, we relax the symmetry constraint and let n, # ns and dc, # dc;.
The plots below reports such a fit, with Ny, = 200 random initializations, the same
cost function and the same optimizer. figure 3.7 shows the fitted parameters across
the Ny runs: all fits converge to a common MSE minimum, from MSE,; ~ 3 + 1 to
MSE;. ~ 0.033 £ 0.005, indicating an optimum 6°"* summarized in table 3.1. We plot the
fitted local probabilities in figure 3.8, with nearly all experimental data points captured
within the 20 envelope.

+ Efficiency. The local efficiencies converge to n, ~ 0.138 4+ 0.002 and 1z =~ 0.045 +
0.001, while the central-station efficiency converges to 7., =~ 0.86 4+ 0.05. The local
efficiencies are tightly constrained, with a relative dispersion o /u ~ 1.5 %, whereas
the central-station efficiency is markedly more volatile, with o /u ~ 5 %, indicating a
lower sensitivity of the fit to ... This is consistent with the low-pump regime: the
heralded state is close to the pure Bell pair p, ~ |¥T) (I, so local probabilities
are weakly affected by 7.

+ Dark-counts. A logarithmic parametrization was used for these parameters during
the fit, their values span several orders of magnitude and the log-space fit brought
better convergence. The fitted values log;,(dc..«) = —3.440.5, log,,(dc,) ~ —3.8+
0.5 and log,,(dcg) ~ —4.0 £ 0.4 correspond to dark-count probabilities of order
10~4, with a relative dispersion on the exponent of /it = 13 %. The dark-counts are

therefore less tightly constrained than the efficiencies and have a weaker impact on
11

Loc’

the cost function, as they are mainly driven by the coincidence local probability P
whose contribution is marginal, typically PLL /POl ~ 1 %.

Loc Loc

3.2.2.Single-photon interferometry

As an additional validation of the model, we fit the visibility data from [35], reporting
a complete elementary link with on-demand spin-wave memories. In this experiment the
authors witness the generation and storage of a coherent Bell state via single-photon
interferometry statistics. We thus use these statistics as dataset and confront these
fringes with the model derived in section 3.1.3, aiming to recover the parameters reported
in [35].

The authors acquired the statistics at a single pump value in the low-pump regime,
where multi-photon contributions to the fringe shape are negligible. Thus the robustness
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the robustness of the procedure to the randomization of the initial parameters.
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of the model against multi-photon effects cannot be assessed here, and the pump
parameter is treated as a fit variable rather than a known input. Concretely, the fitting
parameters are & = (&, P, M, ACink, 74, dCa, M5, dCs), Where ¢ is a residual phase offset
of the interferometer. The data actually report the coincidences between a single-click
at the central-station (on ¢, or ¢g) and at the interferometer (on m, or mg), yielding
four configurations (ma, ms) X (ca, cs). The central-station click-side fixes the sign of the
heralded Bell pair |[U'*), adding a phase 0 or 7 to the fringe. The memory click-side
similarly selects one of the two modes of the interferometer, bringing an additional phase
0 or . Combining the two effects, the configurations (m,, ca) and (mg, ¢g) share a phase
0, while (m,, cg) and (mg, ca) share a phase 7.

The four fringes are fitted simultaneously following the procedure described previ-
ously: Ny = 200 random initializations, with the same optimizer, and statistics aggregated
over the N, to build an optimal set of parameters £°* with the associated fluctuation o.
The numerical results are summarized in table 3.2, together with the values reported
by the authors of [35]. Figure 3.9 and figure 3.10 respectively report the parameter
distributions over the Ny, runs and the fitted fringes with the experimental data. As shown
infigure 3.9, the cost function converges to a common minimum across all fits, decreasing
from MSE,;, ~ 5-10"4£8-107* to MSE; ~ 5- 1079 £ 10~ 4. This suggest the optimization
reliably converges to well defined set of optimal parameters, £€°. Additionally the
corresponding fringes match the experimental data within the 10 envelope, as shown in
figure 3.10. However, the fitted parameters are less stable than for the local probabilities:
the optimized efficiencies, for instance, show a relative fluctuation o /i = 50 % across the
N runs, which contradicts the prior conclusion where the fits converged to a unique
&%, This is a consequence of the single-pump setup: the fringe shape depends only
on effective combinations of the link parameters, leaving residual degrees of freedom
in the full parameter space. Thus, lifting this degeneracy would require interferometric
measurements at several pump values, as done for the local probabilities.

3.3 .Entanglement Witness

As explained previously, under the assumption of a Bell state mixture, the visibility
measurement acts as an entanglement witness, quantifying the coherence of the delo-
calized excitation across the two considered modes. While providing a convenient way of
witnessing the coherence, this approach holds only under restrictive assumptions on the
state, which is not granted in the general description of an elementary link beyond the
ideal low-pump regime. Additionally, it requires a non-local operation in which the two
modes interfere, not practicable in the scenario of a 100 km elementary link. Therefore,
we develop in this section to use an entanglement witness based on local operations
and classical communication (LOCC), witnessing entanglement in the qubit subspace of
two modes filled with arbitrary photon number, and working under arbitrary memory
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Figure 3.9: Initial parameters (black crosses) and fitted parameters (orange crosses)
across the Ny, = 200 runs. All fits converge to a low MSE value 5 x 10~ £ 1074, while the
fitted parameters fluctuate across the Ny, e.g. o/ = 50 % for the efficiency. This reflects
the dependence of the fringe on parameter combinations, which leaves residual degrees
of freedom with degeneracies in the fit.
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Figure 3.11: Optical setup for the measurement of the coincidence probability PZ . at
Alice’s node. The mode m, is split on a 50-50 beam-splitter and probed by a joint double-
click measurement II2,

Coinc*

losses [122].

3.3.1 .Non-classicality

To begin with, let us focus on a LOCC-based non-classicality witness. While an
entanglement witness focuses on the non-separability of a state, a non-classicality witness
certifies the state cannot be described as a statistical mixture of classical states. The
notion of non-classicality, however, depends on the chosen criterion: in quantum optics,
the two main definitions rely on the negativity of the Wigner function [129] and on the non-
positivity of the Glauber-Sudarshan P-representation. We focus here on the latter, which
fit the framework described below and capture minimal non classicality?. The criteria
states that any classical state admits a P-representation [130, ]

b= / P(a) |a) (a|da,  with P >0, (3.47)

Called quasi-probability distribution, P lies at the heart of the classical character of the
state. When positive, P turns to a probability distribution, describing p as a mixture
of coherent states |a), where the stochasticity carried by P reflects a lack of classical
information rather than quantum indeterminacy3. Conversely, when P is non-positive,
the state cannot be described as a classical mixture of coherent states, and a quantum
basis such as the Fock basis {|n)} is required for its diagonalization, witnessing the non-
classicality of the state.

2The Wigner function is the convolution of the Glauber-Sudarshan P-representation with a
gaussian function, thusW < 0 = P < 0.

3Concretely, such a state can be produced from two lasers combined with classical
communication.
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We exploit this P-representation to build a non-classicality witness. While [132] relies
on a measure-theoretic argument, we propose here a geometric formulation based on
scalar product. For a two-mode state p in the modes mI and mg we define the bilinear
form

(f.9) = : fOmbma) glmbme) :) =Tr [z fmbma) g(mbme) : |, (3.48)
where :: denotes the normal-ordering operator. Under the assumption that P is positive,

this bilinear form defines a scalar product, hence

2
P positive =  (f,g) scalar product — M <1 (3.49)

(f, ) g9) =

where the last implication is the Cauchy-Schwarz inequality. By contraposition,

2

(: sl gt ).
<: j‘"(m:{ﬂ“LA)2 :>p <: g(mgms)2 :>p

>1 = P notpositive, (3.50)

yielding a criterion that witnesses non-classicality.
For our purpose, we use functions based on local click statistics

fmfmy) =17 (/2) - and  g(mima) =TI7" (7/2). (3.51)
The Cauchy-Schwarz inequality then reads

2
_ ‘]P)I}olc(n/-\/2> 778/2)‘ <1 (3 52)
]P)éoinc(n/\) IPJEoinc (nB) -

—_
i
—

where P11

Loc

(na/2,1ms/2) is the click-coincidence probability between Alice’s mode m, and
Bob’'s mode m; with halved efficiencies, and PZ,, .(n4) is the probability of detecting at

Coinc

least two photons in m,, measured via a twofold coincidence at Alice’s location onto two
detectors located after a beam-splitter, as depicted in figure 3.11 (and symmetrically for
Bob with P2

Coinc

keeping in mind that P\

Loc

(ns)). For clarity, we simply write P/%_ and PLL

Loc’
refers to halved efficiencies 7,/2 and 7 /2.

We first evaluate the Cauchy-Schwarz coefficient = in the low-pump regime. Consid-
ering the 1-photon contribution, the perturbative expansion of section 1.1.1 shows that
both the numerator and the denominator of = vanish, leaving the witness undefined.
Concretely, P!

Loc

requires a click coincidence between Alice and Bob, and P, __(resp. P¢, )

Coinc Coinc

requires at least two excitations in m, (respectively mg), which is forbidden in the 1-photon
sector as the heralded state carries a single excitation delocalized over the two memories

PAéiic =0
¢ " <p). (3.53)
IP>Loc =0 (p)
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Figure 3.12: Cauchy-Schwarz coefficient = according to the repeater length for different
values of the pump parameter.

The witness must therefore be evaluated at least up to the 2-photon sector. This
contribution is computed in appendix D.5, giving

2—n 2
— T/Lnk
== ) (3.54)
(4_377Lnk>

2—x
4—3x

increasing from f(0) = 1/4to f(1) = 1. The Cauchy-Schwarz inequality is therefore never

which is not 7, nor n; depends. For x € [0, 1], the function = — ( >2 is monotonically
violated, and the non-classical nature of p.,, cannot be witnessed in the low-pump regime.

We now extend the study to the full pump range by deriving an exact expression of =.
The exact derivation leads to a heavy expression not suitable for analytical study, we thus
give numerical results. See appendix D.3 and appendix D.6 for the full derivation of P.
and Pc.. Figure 3.12 shows = as a function of the repeater length L, for several values
of the pump parameter p, and we conclude, as expected, that no (7, p) pair violates the
classical bound, and the low-pump limit derived earlier is recovered for small p.

The numerical plot shows a counter-intuitive trend where = approaches the classical
bound as p increases. This is opposite to what one would expect, as p,, tends to a pure
Bell pair where a strong non-classical signature should be observed. In fact, this reflects
the fact that the Cauchy-Schwarz inequality is a sufficient but not necessary condition for
non-classicality, which fails to witness the non-positivity of P for these POVM statistics: pi.
is strongly non-classical and entangled, but the chosen click statistics admit a classical-like
structure leaving the witness silent.

3.3.2.Constructing the Witness
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Figure 3.13: Optical setup for the measurement of the displaced local probabilities. This
joint measurement is equivalent to a projection onto the Bloch sphere along the axes 7,
and 7ig in the qubit subspace.

While the non-classical witnesses described above focus on witnessing the non-
positivity of P, entanglement witnesses are more restrictive and instead focus on the
non-separability of a state. In the following paragraph we develop an entanglement
witness suitable for the certification of entanglement in an elementary link, i.e. LOCC-
based and robust to losses. As the links carry entanglement through the Bell pair from
the 1-photon sector, we focus on the qubit space while accounting for the contribution
of higher photon-number components. Concretely, the target is a LOCC-based witness,
working in a lossy environment, witnessing entanglement in the qubit subspace {|0) , 1)}
and accounting for multi-photon contributions.

Building non-commuting measurement

Let's recall that witnessing entanglement via local measurement requires statistics from
two non-commuting measurement settings [133]. The statistics produced within a single
local measurement setting can always be reproduced by a separable state. Formally, for
an arbitrary bipartite state p,s € H,®@H;s and two POVMs { M2}, {M]E-‘} each corresponding
to a single measurement setting:

J o separable sit. Y (i,5), Tr[M} & M pug] = Tr [M} ® M; o) - (3.55)

This conclusion extends to any collection of mutually commuting settings: commuting
POVMs are simultaneously diagonalizable, thus their statistics arise as classical post-
processings of a single common measurement, to which the above argument applies.
This establishes the necessity of at least two non-commuting measurement settings for
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the witness.

In a qubit context, the two settings are typically chosen as the Pauli operators X
and Z, or any rotation, the only requirement being that the chosen settings carry non-
commuting components. When considering optical modes with arbitrary photon-number
excitations, a suitable procedure is required to realize such non-commuting operations
in the qubit subspace Span {|0),|1)}. In [134], the authors propose to use displacement
operators to simulate rotations in the qubit space. Concretely, as depicted in figure 3.13,
a displacement is applied before the photon detection, leading to the set of POVMs

115 (n,dc) = D' (a) TI§ (n,dc) D (a), (3.56)
7 (n,dc) = D (a) TIf (n,dc) D (a), (3.57)

where the upper index a, a denotes detection on mode a displaced by «, so that a = 0
reduces to detection on mode a, « — a itself. Defining the observable for the setting « in
mode af

o0(a:a):=II* — 1077, (3.58)

that we will simply write 64, the resulting statistics, restricted to the qubit-space basis
{]0),|1)}, is equivalent to a projection on the Bloch sphere along the axis

—e*’7|a‘2\a\7] cos(#)

fig o | e lalysing) |, (3.59)
2
Semnloly (1 Jafn)
with probability
_ 2,—2|al? 2 2 9
ua—\/n el ‘n(la! (Ia! n *2n+4>+1). (3.60)

Beyond providing a geometric intuition, this construction unlocks parametrized measure-
ment on the Bloch sphere, allowing the construction of two POVMs associated with non-
collinear projections 7,, and 7,,, constructed from well chosen displacements a; and
Q9.

From this representation, figure 3.14a shows the evolution of 7, as a function of
|a| for several values of the phase § = arg(a). This representation shows upper
hemisphere of the Bloch sphere is reachable with a vector norm that decreases with
||, as the displacement populates the mode with coherent photons which reduces state
discriminability. This reveals a trade-off in the choice of a; and ag, increasing the angle
between ii,, and 7, by setting 6; — 6 = 7 favours entanglement detection, but the
displacement amplitudes required also degrade the measurement contrast. Figure 3.14b
illustrates this trade-off: the green arrows target orthogonal measurements at the cost of
a weak contrast due to the arrow collinear to the X axis, while the blue arrows target high
contrast at the cost of orthogonality. Given this trade-off, the optimal choice is obtained
by numerical optimization of the targeted witness.
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Figure 3.14: Evolution of the projection vector 7i, on the Bloch sphere, in 3D and 2D. The
amplitude |«| controls the meridional displacement, while the phase arg(«a) rotates the
vector around the z-axis, enabling the construction of non-commuting measurements.
The measurement efficiency n degrades the detection, which is here reflected in a
reduction of the norm of 7.

CHSH Inequality

To begin with, we propose the study of CHSH inequality [135]. Considering a bipartite
system a and b with respectively the settings o € {0,1} and g € {0,1}, and outcome in
{—1,1}, the CHSH score stands

S =|E[0,0] +E[0,1] +E[1,0] — E[1,1]], (3.61)
Eli,j]= Y a-b-P(a,bli,j), (3.62)
a,be{-1,1}

with the classical bound 2 and maximum quantum bound 24/2. In our context, we define
the two settings a € {a1, a2} and 8 € {1, B2} for the observable

O(a:a,b:f)=0q® o0g, (3.63)
simply writen O, g. The CHSH score reads
S = |Eoa, B1] + Efa1, B2] + E [z, f1] — E a2, B]], (3.64)

(3.65)
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with the expected value defined from the observable

Efo, 6] = (0 © 63),,, (3.66)
= (e -y @ (e - e ) (3.67)
=Pl (o, B) = Piyc (0, ) = Pige (o, B) + P (@, ) (3.68)

with Pfﬁc (a, B) the joint probability of having no-click (0) or click (1) at Alice’s side (i) with
displacement o and Bob's side (j) with displacement 5.

The CHSH score S is expressed from the joint probabilities PY., and the values of
(a1, f1) and (ae, B2) that maximize S are found by numerical optimization on those
probabilities. The full derivation and expression of P («, ) is given in appendix D.3,
here we focus on numerical results. Figure 3.15 shows the optimized CHSH score as a
function of the local efficiency na = 75 = 7Mas, With a5 = Tem Moer, fOr several values
of the pump parameter. The best violations are reached at low pump parameter, in
agreement with the perturbative analysis. For high pump parameter, the contributions
from higher photon-number sectors dilute the Bell pair carried by the 1-photon sector,
reducing the score S as maximal violation is reached with a pure Bell state. The threshold
1o =~ 0.83 and the saturation value S ~ 2.7 at n = 1 discussed in [134] are recovered.
This figure also illustrates that the CHSH test is not suited to witness the elementary link
state p..« entanglement. The plot shows CHSH violation is highly sensitive to the efficiency
of the local modes, even in the ideal Bell-pair scenario the violation requires n > 0.83,
while realistic memory efficiencies reach ny., ~ 0.5 in optimistic estimation. Despite
the advantage of requiring no prior assumption on the state, the CHSH test trades this
generality for a strong sensitivity to mode losses, motivating the need for a loss-aware
witness suited to p .

Witness derivation

Based on [122], we develop a witness robust to all noise sources. The witness is based
on the Peres-Horodecki criterion, which states that separable two-qubit states have a
positive partial transpose (PPT) [136, 1. While the CHSH score treats the state as a
black box and relies only on measurement statistics, this criterion operates at the level of
the density matrix itself, allowing assumptions on the state for finer bound. Concretely,
for a setting («, 8), we define the score w,, ., (o, §) witnessing the non-separability of p .
when negative, such that

o _ P NON-separable
W (02 0) = Wi (@, B) = (Oaup), <O = qubitspace
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Figure 3.15: Optimized CHSH score S of the exact elementary-link state p., as a function
of the memory efficiency ny.n, for several values of the pump parameter p. The dashed
black line corresponds to the optimized CHSH score of an ideal Bell pair. The CHSH
inequality is violated by the Bell pair for ny., > 0.84, recovering the result of [134] up to
optimization fluctuations. The elementary-link CHSH score approaches the Bell-pair score
as p — 0, consistent with the low-pump regime heralding a pure Bell pair. This witness is
not suitable for our scenario: it requires both a high memory efficiency (nyen > 0.84)and a
very low pump regime (p < 10~2), which is incompatible with achieving a high distribution
rate.

99



where O is the phase-averaged observable

2
@Q,B 1 / 4 6i¢(mlmA+mgmB) Oa,,@ e—id)(m;mA-l—mgmB) d¢7 (370)
0

~ o
with O defined in equation (3.63). The separability bound wh* is defined as

wh* (o, B) = max (Ouap), (3.71)

@ of1 =0
s.t. L (3.72)
(b) o4 =Pl
with (a) the PPT criterion, and (b) an additional assumption stating that the diagonal terms
of the state variable o are fixed to the measured local probabilities. Note that the bounds
depends on p., with (b), for clarity we will drop the p., and write wepr, keeping in mind it
is defines for p..,. For clarity, we write w and wepr in the following, keeping in mind that
these quantities are defined for a setting («, 3) on the state p... This last assumption lies
at the heart of the robustness against losses: it injects extra information on losses into
the optimization, making the witness “loss-aware”.

Let us give a concrete illustration. Consider the ideal low pump scenario where a Bell
pair has been generated in the elementary link, with no dark counts (dc, = dc; = 0) and
symmetric losses (17, = 1s = mae)- In this context, the calculation from appendix D.8 leads
to

w" = 412, - Re[a*g] - e~me(lal*+IBF) (3.73)

the notation w™ refers to the witness in the qubit space, neglecting the multi-photon
contributions: as we assume low pump regime, the state is living in the subspace
‘H™ = Span{|ij) withi,j = 0,1}. From this derivation the witness is negative whenever
Re[a* 3] < 0, for any value of the local efficiency 7.5, as depicted in figure 3.16. The witness
therefore detects entanglement for arbitrary losses, reaching its minimum for

1 , 1 -
—+—¢? and = F——l0Em, 3.74
aopt \/me /Bopt :F\/me ( )

This motivates the development of such a witness for detecting entanglement in the
elementary link with lossy memories.

The previous derivation holds in the qubit subspace, i.e. assuming p., lives in ‘H",
which is valid only in the low-pump limit. In realistic scenario higher n-photon sectors
contribute to the state and the bound must be corrected by considering the full Fock
space H = H" @ H°". Note that the PPT criterion is necessary and sufficient for two
qubit systems, but is only sufficient for higher dimensional systems. Thus, by considering
the multi-photon contribution some entangled states will never be detect by the witness.
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Based on the calculation from appendix D.9, for a setting («, 3) the total witness reads
w = ("weer + “weer) — (O) . (3.75)

The expectation value of the observable is computed from the displaced joint local
probabilities P, («, 3) derived in appendix D.3:

(0), =P (a,B8) =Pl (a,8) = PI3 (a, 8) + Pl (, ). (3.76)

The in and out qubit-subspace contributions are

"wrer = 3 03 Bl + 2Jofy | - min (VEIPLL VERELR) .
K (3.77)

OUtu}PPT - 2(]P)éoinc + Pgoinc) + 4Smax \/]P)éoinc + IED(l?oinc (% - ]P)éoinc + ]P)Eoinc)a

where P and P, . respectively denote the local coincidence detection probabilities of
Alice and Bob, i.e. the joint click after a 50/50 beam splitter on Alice’s or Bob's local mode
ma OF mg. From appendix D.7, the o;; coefficients are given by the observable matrix
elements

(0] 60 |0) = 2k - e~ Mol 1,

(060 |1) = —2k - g, a* e~Molol’, (3.78)

(1o 1) = 26 |14 1, (molaf® = 1) | e7melel* — 1,

with the convention o;; = (i 64 |j) (i| 65 |j) on the diagonal and o;; = (i[ 64 |5) (j| 6 |7)
off the diagonal. The witness is thus expressed as a function of the displaced joint local
probabilities ]Pfﬂc(a, B) and the coincidence probabilities ]P’é,i/f.

Constraint (b) of equation (3.72) carries the physical content of the witness and
deserves a closer look. The constraint imposes P, = p,, fixing the diagonal elements
of the state to the measured local joint probabilities, which is precisely what makes
the witness loss-aware. However, our model assumes a noise-less state with all losses
pushed into the detectors, so in fact Pfg; < pfﬂk. Therefore, from the witness perspective,
the considered state is an effective state p., that absorbs all losses, both detector
and memory losses, into the state itself. The witness operates on this effective state,
since LOCC operations cannot create entanglement, non-separability of ., implies non-
separability of p_.:

Pk NON-separable = Pk NON-separable. (3.79)
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Figure 3.16: In-qubit entanglement witness w"™ = (O) — ™wy; of an ideal Bell pair
|U*) (U] as a function of the settings («a, 3). Symmetric configuration, no dark counts,
with realistic experimental parameters from table 1 of the introduction. The dashed line
marks the zero contour. Two disjoint witnessing regions are visible, each defined by

a - B < 0. The optimal value we, ~ —0.1 is reached at agy = —Bope = iﬁ ~ 1.6.

Numerical results

The witness derived above provides a way of certifying the entanglement of p., from
experimental quantities: the joint local probabilities P, the displaced joint local prob-
All
these quantities have already been derived in previous calculations. The displaced joint

Coinc Coinc*

abilities Pfﬁc (ar, B), and Alice's and Bob's coincidence probabilities P2, . and P2

local probabilities have been derived when studying the CHSH score in appendix D.3, the
joint local probabilities correspond to the displaced ones evaluated at « = 8 = 0, and
the coincidence probabilities were derived in appendix D.6 when studying the Cauchy-
Schwarz inequality. Due to the heavy form of these expressions, we do not provide
analytical results and focus on their numerical implementation.

Before diving into the numerical implementation, the efficiencies require a bit more
attention. As done in this manuscript, detection losses are conventionally modelled as
imperfections in the detector, leaving p., untouched. For undisplaced measurements, the
two pictures provides identical click statistics. For displaced measurements, they do not
commute and pushing the losses to the detection rescales the displacement amplitude.
Quantitatively, the click probability satisfies the identity [122]

Tr [D (@) RMAmaD (a) - ank} =Tr [p (Vi)' 10) (0| D (i @) - Uy pu Ug] . (3.80)

d)(m);efmAeT)

whereU, =e is the loss channel of transmission n acting on the state. The left

side describes a noisy detector preceded by a displacement « acting on the state p,,,. The
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right side describes an ideal detector preceded by a rescaled displacement /7 a acting
on the lossy state UannkUJ. In our context, calling n, the efficiency of the observable O
(related to the matrix elements derived in equation (3.78)), and 7, the efficiency intrinsic
to the state p.,, the equivalence stands

Modelization Targeted Scenario
All losses in <— Loss in the detection and
the detection loss in the state
Detection: (RPRO)“T“ — R%'a (3.81)
Displacement: \/LUT — a
State: PLok — U, pro U;p

allowing the modelization of a lossy state 77, under the detection of a lossy observable 7,,.
As the witness has been set under the constraint pﬁﬂk = PY, and the local probability is
under detection and memory losses 7. and nyen, the witness sees an effective state p ..
carrying both the losses from detection and memories, thus 7, = 7o« * Tvem. The Matrix
elements of 7, therefore only carries the losses from the displacement 7, = . The
table 3.3 shows the effective efficiencies for all the considered quantitites.

Quantity Symbol | Associated efficiency
Local probabilities (no displacement) PY. Thier * Tloet
Local probabilities (with displacement) | P («, 3) Tvem * Toisp * Tloet
Coincidence probabilities PE Tvem * Mcoine * Toet
Matrix elements of O 0ji Noisp
Effective displacement a A/ \/TNvem * Toet

Table 3.3: Effective efficiencies carried by each quantity entering the entangle-
ment witness. The amplitude of the displacement is rescaled to & to absorb the
upstream l0sses Myen - Moe: Via the transfer identity (3.80).

We start by studying the witness as a function of « and 8 under symmetric assump-
tions p, = pg = p, na = M, and no dark counts dc, = dcg = 0. The remaining experimental
parameters are taken from table 1, chosen to reflect a realistic experimental scenario.
Figure 3.17 displays the witness value over the («, 5) plane for three values of the pump
parameter p, highlighting with dashed border the region where entanglement is detected.
For low p, the witness recovers the shape of the in-qubit approximation (cf. figure 3.16),
consistent with the idealized low-pump regime where p,, = [¥) (I |40 (p) and * wper =
o(p) — 0, we provide a quantitative analysis of this comparison in figure 3.18. The
entanglement-witnessing region splits into two symmetric lobes, referred to as witnessing
lobes, with an optimal value wg,, =~ —0.1 reached at agy = —fop = iﬁ ~ 1.6. The
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Figure 3.17: Entanglement witness w = wppr — <@> - of the realistic elementary link p_,

as a function of the settings («, ), for three values of the pump parameter p. Symmetric
configuration, no dark counts, with realistic experimental parameters from table 1. The
dashed line marks the zero contour. Panels (a) and (b) show two disjoint witnessing
regions, while panel (c) shows no witnessing region, indicating a pump parameter cutoff
1072 < Peu < 10~ L

intermediate plot at p = 10~2 shows that increasing the pump parameter the minimum
witness value (wo,: = —0.05) and contract the witnessing lobes. Thus higher pump values
make entanglement harder to certify, simultaneously degrading the contrast (from —0.1
to —0.05) and reducing the area of the witnessing region. This clarifies also the in-qubit
picture where the whole a - § < 0 region witnesses entanglement: it is actually the
asymptotic limit p — 0 in which the lobes extend to the entire top-left and bottom-right
quarter. Atp = 10~}, the witness is out of its working regime: the witnessing lobes vanish,
indicating a pump cutoff pc, between 102 and 10~1.

Focusing on this cutoff, we plotin figure 3.19 the optimized witness wq,, over («, ) asa
function of the pump parameter p and the memory efficiency nyem, still under symmetric
assumptions, with realistic parameters fixed from table 1. The plot reveals a cutoff at
P ~ 4 - 1072, above which the witness no longer detects entanglement. This threshold
is a strong constraint in practice: since the heralding rate scales with p, restricting the
operating regime to p < pc, limit practical achievable distribution rate. It also confirms
the in-qubit result of equation (3.73) where, below p.,, the witness certifies entanglement
for any value of the memory efficiency nyen. The same study performed with dc, = dcz =
1074, it shows that dark counts strongly degrade the witness contrast (Wope = —0.2 —
—0.05) without significantly shifting pcy..

This numerical study demonstrates the ability of the witness to certify entanglement
of an elementary link under realistic experimental conditions. The witness remains robust
below the pump threshold p.. ~ 4 - 1072 for arbitrary memory losses, and remains
operational in the presence of dark counts. A complementary study of the relative phase
between « and 5 shows that the detuning rotates the overall witnessing pattern in the
(a, B) plane without altering the cutoff.
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Figure 3.18: Comparison of the entanglement witness in the low-pump regime for the
exact elementary-link state p., (a) and the idealized Bell pair [¥T) (I | (b). Symmetric
configuration, no dark counts, with realistic experimental parameters from table 1. The
dashed line marks the zero contour. Panel (c) shows the difference between (a) and (b),
with a relative error of order 102 concentrated at the center of the plane where numerical
errors dominate.
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Figure 3.19: Optimized entanglement witness wy,, of the elementary link p.. as a function
of the pump parameter p and memory efficiency ny.n, Without dark counts (a) and with
dc = 10~* (b), symmetric configuration, with experimental parameters from table 1. The
dashed line marks the zero contour, revealing a clear pump cutoff at pc,, ~ 4 - 1072
independent of ny.,. The witness certifies entanglement for arbitrary memory losses
below pc,.. Panel (b) further shows that dark counts degrade the witness contrast without
significantly shifting pcy.
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Introduction

The quantum unitary synthesis problem

As discussed in the general introduction of this manuscript, running a quantum
algorithm on physical hardware requires translating abstract operations into concrete
sequences of elementary operations. Given a universal gate set, quantum circuit synthesis
aims to find a gate sequence implementing a target operation. In the circuit picture the
relevant abstraction is the unitary evolution U acting on the logical qubits, so this task is
also referred to as unitary synthesis.

This task faces an inherently hard combinatorial landscape: calling respectively n and
g the number of qubits and the gate-count, at each layer n-g gate placements are available,
thus the number of candidate circuits of depth d scales exponentially as O ((n : g)d) [83].
Meanwhile, the number of circuits implementing the target algorithm is sparse. This
exponential growth, together with the solution sparsity, makes the synthesis of non-trivial
unitaries rapidly intractable, even for moderate system sizes. Full-algorithm synthesis is
therefore out of reach: useful algorithms require between 107 and 10'! logical gates [5,

1. Thus, we focuse instead on the decomposition of small subroutines for which exact
synthesis remains tractable and can therefore be compiled independently.

In this second part of the manuscript, we address this combinatorial problem by
framing synthesis as a sequential decision problem and tackle it with AlphaZero, a
reinforcement learning agent originally developed for the game of Go, which excels at
exploring large spaces with sparse solutions [115, ]. We train agents to synthesize ar-
bitrary subroutines under a fixed architecture with gate-set and connectivity constraints.
Inspired by [118-120] for T-gate optimization, we explore dynamic circuit architectures,
which involve mid-circuit measurements and feed-forward operations. This architecture
yields lower T-counts than static circuits with all-to-all connectivity. As a proof of concept,
we demonstrate agents capable of synthesizing standard subroutines such as the Toffoli
and CCZ gates.

Outline

In Chapter 4, we frame quantum circuit synthesis as a single-player game, where an
agent searches for a gate sequence to reach the targeted unitary. We then introduce
Markov decision process and the reinforcement learning framework itself, and use it to
formalize synthesis as a reinforcement learning problem#.

“For conciseness, the conceptual background of Markov decision process and reinforcement
learning is deferred to the appendix.
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The Chapter 5, we motivate the use of AlphaZero: synthesis requires long-term
planning to maintain global coherence across the whole gate sequence, a regime where
greedy strategies fail. We make this need explicit before introducing the AlphaZero agent,
from the exploration-exploitation dilemma to the neural-network-guided Monte Carlo
tree search.

Finally, Chapter 6 apply AlphaZero agents to quantum circuit synthesis. We detail
the curriculum learning pipeline used for training, then benchmark agents synthesizing
subroutines such as the Toffoli or CCZ gate under various connectivity constraints. We
close with a critical discussion of the approach and perspectives for further development.
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4 -A Game of Unitary Synthesis

4.1 .Framing synthesis as a single-player game

Approximate unitary synthesis can naturally be formulated as a continuous optimi-
sation problem: from a given parameterized circuit U ({6;}), the set of parameters is
optimized to reach an optimal value 6* = {6} that approximates the target unitary
|U (0%) — Utarg|| < €. Exact synthesis is, by contrast, a discrete problem: it aims to find a
gate sequence {g;} from a discrete gate set G that implements the target unitary exactly
ITL; 9i — Utarg|| = 0. Thus, exact quantum circuit synthesis can be framed as a constrained
combinatorial problem: for a given gate set, one aims to find a sequence of gates that
implements a target unitary, subject to hardware constraints such as qubit connectivity.

From this perspective, the problem naturally takes the form of a single-player game:
from an allowed set of moves M = {m;} the player aims to find an optimal sequence m*
that brings the game to a target configuration Mg, possibly under additional constraints.
An illustrative example is the Rubik’s cube: starting from a scrambled configuration C,nq,
the player must find a sequence of rotations » = {r;}, drawn from a discrete rotation
set R = {r;}, that returns the cube to its solved state Cj4. In quantum circuit synthesis,

starting with a configuration Ul

targ the compiler must find the sequence of gates g = {g;}

that leads to unitary Uyg.
The analogy can actually be pushed a bit further, helping to capture the main concepts
of the framework.

+ Discrete: both problems consist in finding a sequence of elementary operations
drawn from a discrete set, respectively denoted R = {r;}, for the rotations of the
Rubik’s cube and G = {¢;}, for the quantum gates.

+ Non-commutative: the allowed cube rotations and gates both generate a non-
abelian group, finite for the Rubik's cube and continuous for quantum circuit
synthesis.

+ Universality: in both cases, the group covers all cube configurations or unitaries
(up to ¢€), reflecting the notion of universality of the set [89].

* Two representations: both games admit two complementary representations. A
constructive one, listing the sequence of operations applied so far, r = {r;}, for
the cube and g = {g;},, for the circuit, and, most importantly, an immediate one,
capturing the current configuration of the cube C), or the unitary of the circuit U,.
This second representation actually defines the state of the game: it contains all
the information needed to finish it. Said otherwise, for any intermediate step, not
knowing what has been done before does not make the resolution harder. This is
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precisely the memoryless, or Markovian, property of the game, which we will exploit
later in this part.

Within this game framework, synthesis reduces to a pathfinding problem in the Cayley
graph of the group generated by the allowed moves, i.e. find a sequence of moves
that maps Uiy — Utarg. The discrete moves dynamic and memoryless representation
naturally fits with the Markov Decision Processes formalism, a mathematical framework
describing memory-less sequential decision problems. The next section briefly introduces
the Markov Decision Process formalism and shows how reinforcement learning can be
deployed as a solver.

4.2 .Reinforcement Learning

The conceptual framework behind reinforcement learning, from the origins of Markov
Decision Processes to the agent-environment interaction loop, is presented in detail in
appendix D.11. In this short section, we only recall the key notions and notations needed
to formalize quantum circuit synthesis as a reinforcement learning problem, and refer to
the appendix for a deeper understanding.

A Reinforcement Learning (RL) problem is a Markov Decision Process (MDP), a memory-
less model where a decision maker acts on a system to optimize its earnings over time.
Let us first give a brief overview of the MDP framework. A MDP is defined by the tuple
(S, A, P,R,v). The state space S is the set of all possible states, and the action space A
the set of all possible actions. The transition function P : S x A — A (S) encodes the
game dynamics: for a state-action pair (s, a) it returns the distribution P (+|s, a) over the
next state, with P (s'|s, a) the probability of transitioning to s’ while picking the action a.
In this manuscript we only use deterministic transitions, i.e. an action a from a state
s leads to a unique state s’. The reward function R defines the immediate feedback
r = R(s,a,s’) along a transition s = s’. In the context of determenistic transition, we
have R (s,a,s’) = R(s’). Finally, the discount factor v € [0,1) ensuring the convergence
of the cumulative reward and weighting the importance of future rewards, with v — 0
favoring immediate rewards and v — 1 favoring long-term returns.

To picture these notions, consider the toy model of a frog jumping on a set of lily
pads [138]. The state s is the pad currently occupied, and an action a is a jump toward a
neighboring pad. Thus the state space S is the set of pads reachable by the frog, and the
action space the set of jumps available from each pad. The transition function P encodes
where the frog lands: deterministically on the targeted pad, or stochastically if jumps may
miss. Assigning a reward to each landing, for instance a positive value on a pad carrying
food and a negative one on a pad close to a predator, the frog must find a policy 7 to
avoid the predator and reach the food, maximizing its cumulative reward.

By providing local signals, the reward function actually sets the global objective of the
process. Calling ¢ the time step of the interactive loop, the goal of the decision maker
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is to find a strategy that maximizes the expected cumulative reward, or gain, denoted
Groo = Yoney¥* - 1k With 1y = R(si—1,a1-1,8t) = R(s), where the last equality
stands for determenistic transition. The strategy itself is encoded in a policy 7 (a | s), the
probability distribution of picking an action a from a state s. To quantify how good a policy
is, one introduces two value functions. The state value function measures the expected
cumulative reward obtained from a state s when following the policy =

e}
D A e Iso:s] : (4.1)
k=0

The action value function refines this notion by fixing the first action a taken from s before

V™ (s) = E,

following 7
(o.9)
Q" (s,a) =E; [Z VK1 | so = s, a0 = a] . (4.2)
k=0
Thus, solving an MDP amounts to finding an optimal policy 7* that maximizes these value
functions over all states
m =argmaxV7" (s), VseS. (4.3)

™
Note that this notation is abusive and used for conciseness, a proper definition is given
in the appendix.

While the MDP formalism sets the rules and objective of the game, it does not specify
how to solve it, at this point the policy 7 must be explicitly provided. This is precisely
the role of Reinforcement Learning (RL): rather than relying on a prior knowledge of the
dynamics, an RL agent approximates the optimal policy by iteratively interacting with
the environment, defined by the tuple (S, A,P,R,v). From a certain perspective, the
environment encodes the game dynamics and the agent the smartness. At each step
t, the agent observes the state s;, picks an action a; € A, according to its current policy
¢, and receives in return the next state s;;1 together with a reward r;. The agent uses
this feedback to update its policy m; — w41, progressively converging toward 7*. The
loop repeats until either a terminal state seng is reached or a maximum number of steps
tmax IS exceeded. This mechanism is illustrated in figure 4.1.

4.3 .Reinforcement Learning for Quantum Circuit Synthesis

At this point, all the conceptual ingredients are in place to formalize quantum circuit
synthesis as a reinforcement learning problem. The agent builds the desired circuit by
incrementally appending gates from a predefined universal gate set. Each appended gate
leads to a new circuit, corresponding to a unitary evolution. A reward is then computed,
for example by quantifying the proximity of the circuit with the target unitary. The game
ends when the agent either synthesizes the target unitary or reaches a maximum number
of steps. In this context, the environment is the quantum circuit representation equipped
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Figure 4.1: Minimalist illustration of the reinforcement learning interaction mechanics.
At each time step ¢, the agent picks an action a; from A according to the policy 7 (- | s¢).
This action drives the environment transition s; —% s;,1, producing a reward feedback
R(si+1) = m+1. The interaction loop stops when the environment reaches the target
state starg OF the maximum step count tmax.

with a simulator able to compute unitaries from a gate sequence.

More formally, we denote by G the set of available gates compatible with hardware
constraints such as qubit connectivity, by tmax the maximum number of steps, which also
corresponds to the maximum allowed circuit depth, and by n the number of qubits. The
gate set G is chosen universal. At each step ¢, the agent picks an action a; corresponding to
a gate g € G. This gate is appended to the circuit, from which the environment computes
the associated unitary U1, updating the state s; — s;11 = Upy1. A reward i1 is then
derived from s, according to the reward function. The agent receives both the updated
state s;+1 and the associated reward r.y1, and picks a new action a;4+1 from G. Through
this loop, the agent incrementally builds the circuit one gate at a time.

Regarding the initial state, a natural choice is to start from the empty circuit, sg =
Ujg, and let the agent append gates until it reaches the target seng = Utarg. With this
formulation each game has its own target Utrg, meaning the agent's objective switches
from one game to another. This may complicate the learning process, as the agent must
generalize across a wide range of objectives. To address this, we reverse the construction:
instead of building the circuit implementing Utarg, the agent uncomputes U/ back to the

tar

identity Ujq. Concretely, the circuit starts with the targeted unitary, meaniné S0 = UtTarg,
and the agent aims to reach the identity by appending gates ¢ € G on the circuit. Thus,
at each step ¢, the environment is in the state s, = Uy - Utgrg, where U; = ]_[',2:0 gk is the
unitary built from the appended gates. Finally, the gate sequence resulting in a successful
synthesis implements Utarg, as Ueng - UtTarg = Uyq. With this formulation, all games share
a common goal, reaching the identity, while differing only by their initial state so = UtTarg.
The figure 4.2 illustrate such an interactive loop.

To avoid trivial actions, such as choosing a gate that would cancel a previous one, the
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action setavailable at step ¢ is masked A — A;, allowing only non-trivial gates. Concretely,
every gate g € G is pushed through the current circuit using commutation relations. When
g meets a gate ¢’ that does not commute with, the resulting product g - ¢’ is checked:
if it reduces to the identity the corresponding action is discarded, else the gate is kept.
This produces a simple non-triviality mask on A, preventing the agent from picking trivial
actions.

To formally define the game, we set the tuple (S, A, P, R, ~) as follows. For clarity, the
presentation does not follow the tuple order.

+ Action space A: at each step t, the agent picks a gate ¢ € G and the qubits
it acts on: a; = {g + qubitindex}. The action space is therefore built by
enumerating each gate of G with the qubit indices and allowed connectivity. In fact,
this enumeration accommodates hardware constraints, such as restricted qubit
connectivity or specific gates forbidden on certain qubits. For instance, a 3-qubit
circuit with G = {H,T,CNOT} with nearest-neighbour connectivity leads to the
action space A = {H;, Hy, H3,T1,T5,75,CNOT;2,CNOT23}. This enumeration is
called native gate set, denoted G, as it depends on the physical architecture. We
thus have A = G,,.

+ Transition probability P: as previously announced the transitions are deter-
ministic, meaning a state-action pair (s, a;) leads to a unique next state s;ii.
Consequently, at each step, an action a; € A is applied to the left of the current
state, yielding to the transition s; — s;+1 = a; - s¢. Let us notice the quantum circuit
simulator only requires one multiplication per step: s;+1 = g¢ - s¢. Combined with
Ujarg as initial state, the state evolves as

t—1
sti1 =01 U Uy with Uy =[] s (4.4)
k=0

+ State space S: formally the state space contains all unitaries reachable from the
native gate set. Provided that G, is universal, the set of unitaries generated is dense
in SU(2"), so that S C SU(2"). In practice, the agent operates under a finite
budget of tmax steps, restricting S to the unitaries reachable within at most #max
gates. This finite-depth restriction makes the state space combinatorially large but
discrete and finite, in contrast with the continuous group SU (2"). Thus, denoting
by (H)~ the subgroup generated by sequences of at most N elements of H, we
have S = (G,)

tmax *

* Reward function R: the MDP formalism allows intermediate rewards, which
should, in principle, guide the agent throughout its exploration. A naive choice
would be a metric quantifying the closeness between the current state s; and the

target. For instance, one could use the fidelity between s; = U - Utgrg and the
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identity Ujg:
R(s)) = R |
(s:) = F (Ut, Utarg) - (4.5)
However, intermediate rewards can mislead the agent: successful trajectory may
pass through intermediate circuits with orthogonal state to the target, yielding to a
low fidelity score and penalizing the agent, despite being on a valid solving path.
This behavior is further explored in section 5.1. To avoid such a situation, the
environment instead returns a single strong end-reward when the target is reached
and zero otherwise:
; 1 ifs; =Uyq
R(st) = Fs (U, Uleg) = { (4.6)
0 else
whith F; the binary fidelity. This sends a strong signal to the agent only when
it achieves an exact decomposition, at the cost of a sparse reward: the reward
vanishes on every state except the target. Additionally, this leaves the agent without
any feedback on its progress along the way, raising a credit-assignment problem:
the agent must infer the desired sequence of actions from a single end-signal. As
detailed later, this settings fits naturally with AlphaZero agents.

+ Discount factor ~: in the context of a single-end-reward, the discount factor
plays the role of optimizer for the circuit depth. Since the only nonzero reward
is delivered at the end of the game, the cumulative reward of a successful game

reads
tend

Gooo = D ' 1 = e, (4.7)
t=0

where tonq is the number of steps to reach the desired unitary, thus the circuit depth
d. Thus, setting v = 1 — € penalizes long circuits while preserving the reward for
finding an exact decomposition, encouraging the agent to find short gate sequence.

At this point, we fully defined quantum circuit synthesis as an RL game : rules,
rewards, and game dynamics are set. What remains is the agent itself, that is, the learning
algorithm guiding the MDP resolution. This choice cannot be generic, it must match the
specificities of quantum circuit synthesis: a large combinatorial state space, with sparse
rewards, with long-term strategy capabilities since the first gates of a circuit impact all
subsequent choices. This motivates the use of AlphaZero, an agent specifically designed
for sparse-reward and long-horizon decision-making problems.
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Figure 4.2: lllustration of the quantum circuit synthesis game in a reinforcement learning
framework. Targeting the unitary Utarg, at each step t the agent picks a gate g from
a gate set G, with its corresponding qubit connectivity. The gate is appended to the
ongoing circuit, the environment computes the updated circuit Uy, resulting in a new state
S¢ = UtTarg - Uz. The binary fidelity s (Utarg, Ut ) is returned to the agent as local feedback.
The interaction loop stops when the environment reaches the target state sig Or the
maximum step count ¢max.
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5 -AlphaZero as a long-term strategy agent

In the previous chapter, we frame quantum circuit synthesis as a decision game
in the Markov Decision Problem and Reinforcement Learning frameworks, setting the
theoretical background for its resolution. However, we left the question of solvability
open. In this chapter, we bridge this gap by introducing a suitable agent for the synthesis
game: AlphaZero. We first motivate the need for long-term planning for global coherence
across gate sequence. Then, we introduce a dilemma at the heart of tree exploration:
the exploration-exploitation dilemma. Finally, we present AlphaZero, a suitable agent for
long-term strategy games.

5.1 .Long-term strategies for quantum-circuit synthesis

Quantum circuit synthesis fundamentally requires lookahead decision-making as the
impact of each gate choice constrains all subsequent ones. Indeed, the gates selected
early in a decomposition must remain consistent with the target unitary throughout
construction, requiring global coherence across the whole sequence. Yet, the synthesis
process is fundamentally iterative: gates are appended one at a time, with no possibility to
revisit earlier choices as the circuit grows. This challenge between sequential actions and
global consistency is well known in combinatorial games: a chess player may sacrifice a
piece toreach a better position later, or a Rubik’s cube solver passes through intermediate
configurations that seem more disordered than the initial one. In general, local moves
must be chosen for global rewarding outcomes, and this is precisely the regime where
greedy strategies fail: by focusing on short-term promising gates, greedy search gets
trapped in regions of the decision tree that may never lead to the target unitary. Quantum
circuit synthesis therefore calls for a RL agent able to plan several moves ahead, balancing
immediate progress with long-term strategic value.

Let us take a simple example: synthesizing the rotation of =/4 around the X axis,
R, (w/4). Using the universal gate set {H,T, X'}, the optimal decomposition of such a
rotation is

V=¢"8HTH. (5.1)

A standard way to quantify the closeness of two unitaries U and V is the fidelity (c.f.

equation (4.5)), defined as

]:(U’V):W7

with n the number of qubits. As a scalar product on SU (2"), the fidelity gives the

(5.2)

projection of the two unitaries
F(U,V) =|cos¥|, (5.3)
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where 6 is the angle between U and V. In our example, applying the decomposition gate
by gate yields the intermediate fidelities

F(H,V)~027, F(HT,V)=0, F(HTHV)=1. (5.4)

In this example the intermediate step HT is exactly orthogonal to the target V, dropping
the local reward to 0. This illustrates that intermediate metrics may not provide reliable
information on the relevance of the current gate sequence for long-term gain. A greedy
strategy, picking at each step the gate that maximizes the fidelity, would have selected a
different intermediate gate and missed the optimal decomposition. More fundamentally,
this highlights that greedy approaches optimize a continuous variable, while quantum
circuit synthesis is inherently a discrete combinatorial problem based on arithmetic
invariants that continuous variables cannot capture [139].

An other argument can be drawn from the Cayley graph representation of the gate set.
In its general form, the Cayley graph can be defined as below. Given a group (G, x) with a
set of generators S, the Cayley graphI' = I' (G, S) is defined as the graph where nodes v,
are the group elements g € G, and edges encode the action of the generators s € .S, thus
an edge represents a transition v, — v4.s. In the context of quantum circuit synthesis, the
group is the set of reachable unitaries G € SU (2") and the set of generators is the gate set
S = G, thus each node of the graph is a unitary generated by a gate sequence. The Cayley
graph captures the structure of the synthesis problem: finding the decomposition of U
is actually finding a path from the identity node vy, to the target unitary node vy. The
structure of this Cayley graph has been characterized by Matsumoto and Amano for 1-
qubit circuits. In [140] the authors developed a synthesis algorithm based on the syllables
{T,HT,SHT}. Concretely, they showed that any 1-qubit unitary U generated by the gate
set (H,T) admits a unique decomposition of the form

N
U=uw-C-[]9 (5.5)
1=1

where g; € {T,HT,SHT}, C a Clifford operator, and w! = ¢''i a global phase. Thus,
up to a global phase and a Clifford operator C, U is uniquely defined by the syllable
word (g1,92, -+ ,gn). This uniqueness shows that the quotient (H,T)/C, with C the
Clifford group, is in bijection with the free monoid on {7, HT, SHT'}, meaning the syllable
word (g1, ...,gn) admits no non-trivial simplification. Equivalently, the Cayley graph of
(H,T)/Cis atree: the path from Uyq to the target unitary U is unique. Thus, up to Clifford
simplification, the first syllables of the decomposition entirely determine whether the
target unitary can be reached. Concretely, a wrong early choice cannot be compensated
by later gates without backtracking, this motivate the need for an agent able to plan
several moves ahead rather than greedily optimizing local fidelity.

The Matsumoto-Amano result holds in a specific framework: single-qubit unitaries

120



in U(2), fixed gate set (H,T), and specific syllables {7, HT,SHT}. Yet, this case
already captures the core tension of quantum circuit synthesis: an iterative gate-by-gate
construction must achieve long-term coherence in a discrete combinatorial space. This
motivates the use of an agent with long-term strategic capabilities, able to plan several
moves ahead rather than greedily optimizing local fidelity. Long-term strategic planningin
sparse and large combinatorial space is a well-known regime in reinforcement learning,
typically benchmarked on board games such as Go or chess, where local moves reveal
their value at the end of the game. This is precisely the purpose of Monte Carlo Tree Search
based RL agents such as AlphaZero. Originally developed for Go, this agent handles long-
term strategy particularly well via exploration-exploitation balance and deep look-ahead
planning. To gradually introduce AlphaZero, the following section presents the Monte
Carlo Tree Search algorithm as a policy provider for long-term planning agents, building
from its historical roots in the exploration-exploitation dilemma.

5.2 .Monte Carlo Tree Search

The previous section established the need for an agent able to plan over the long
term in a sparse and discrete combinatorial space. This challenge is well known in large
combinatorial problems, and has driven the community to develop dedicated algorithms.
At the heart of these approaches lies a fundamental tradeoff between exploitation and
exploration, which lead to the construction of the Monte Carlo Tree Search (MCTS)
algorithm which lies at the core of AlphaZero. The following sections aim to provide
theoretical background of MCTS.

5.2.1 .The exploration-exploitation dilemma

Framing reinforcement learning as a decision tree problem, the agent faces a funda-
mental dilemma during the exploration: choosing whether to exploit known high-reward
branches, or to explore unvisited ones that may yield higher long-term returns. This
exploration-exploitation tradeoff first took root in the work of Thompson [141, 1.
Considering two independent Bernoulli processes with unknown success probabilities,
Thompson aimed to maximize the expected number of successes over T trials. This
minimal sampling problem already illustrates the dilemma, facing the possibility of
spending trials to aggregate samples and identify the rewarded Bernoulli process, or
committing early to the most promising with the current known information. Motivated
by advances in industrial quality control [143], the community started to study the
dilemma through a minimalist toy-model: the multi-armed bandit problem (MABP) [144].
The setup is simple: a player faces a row of n slot machines, each with an unknown
reward distribution of expected value p;. With a budget of T' rounds, and without any
prior information, the player must find a sequence of actions maximizing the cumulative
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reward
T

GTZZH,

t=1

where r, is the immediate reward collected at step ¢. At each round, the player
faces the core dilemma: exploit its knowledge by pulling a known reward machine, or
explore an underestimate arm with the hope of finding a better reward, at the cost of
potentially wasting a round. This elementary setting already captures the core challenge
of Reinforcement Learning. In the RL paradigm, at any given state s the agent faces
many possible actions, each yielding an unknown potential reward. From state s, and
with limited resources, the agent faces the choice of picking an under-explored action,
or exploiting a known one with a reliable estimate of the reward. In this context, the RL
action-value function Q™ (s,a) mirrors the MABP reward distribution ;. Thus, RL and
MABP share the challenge of selecting the optimal sequence of actions to maximize the
cumulative reward, while simultaneously updating the knowledge on the system.

Based on the MABP toy model, the community began to derive formal performance
bounds. A key result comes from [145] which introduced the concept of an Upper
Confidence Index. The authors established that, for a restricted budget of T rounds, the
cumulative regret is saturated by O(logT') in an asymptotic regime " — oo. In other
words, the cost of incomplete information, called regret, cannot vanish faster than log T,
regardless of the strategy employed. In this reference, the authors only established this
result in a theoretical asymptotic regime, leaving open the question for practical strategy
with finite-time guarantees.

The authors of [146] address this question by proposing a family of algorithms with
finite-time regret bounds. Among these is the Upper Confidence Bound 1 (UCB1), an
algorithm providing a simple and practical arm selection rule for MABP. At each round,
the player pulls the arm ¢* that maximizes the quantity

(5.6)

it =argmax T; + 2Int7
i L

where Z; is the empirical average reward of the i" arm computed from previous tries, ¢;

the number of times the i!" has been pulled, and t the overall number of rounds’. The

two terms play complementary roles. The first term z; drives exploitation by favoring

arms known to provide high rewards. The second term \/W drives exploration by

being large for arms that have been rarely visited relatively to ¢t. When an arm i is pulled

frequently, t; grows, naturally shifting priority back toward exploitation. This adaptive

structure optimizes the regret through experience, without any prior knowledge, and will
reappear directly in the action selection rule at the heart of AlphaZero.

While being a practical toy-model for the exploration-exploitation trade-off, the multi-

'We call T the total budget, thus t < T..
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armed bandit fundamentally differs from conventional Markov Decision Problem. In the
MABP paradigm, the player faces the same set of arms all game long: the game is a
stationary process. In an MDP paradigm, an action leads to a new state-node, with a new
set of possible actions, and new reward distributions. Additionally, the evaluation of new
nodes during the exploration of the tree may retroactively affect older ones: exploring
new nodes brings reward information, which updates the value estimates of previously
visited nodes. Thus, the reward estimation of the nodes evolves continuously through
the tree search.

Focusing on efficient decision-tree exploration for non-stationary process, in [147]
Coulom proposed the Monte Carlo Tree Search (MCTS), an algorithm based on heuristic
decision tree exploration with back-propagation node updates. The core idea is the
following: from the environment current state s the agent performs nycrs rollouts of
the decision tree, also called virtual games, each ending with a Monte Carlo simulation
to an end-leaf nodes which returns a sample of the cumulative reward. This yields in
nmcts samples of the expected cumulative reward of the state s, building an estimation
of the action-value and state-value function @) and V as defined in appendix D.11. As
we will detail in later sections, each rollout consists of four steps: selection, expansion,
simulation, and back-propagation. From the resulting statistics, the algorithm picks an
action via a majority vote, resulting to a new state s — s/, and repeating the process until
the end of the game.

From a certain perspective, a MDP can be seen as a succession of MABD: at each node
s the player faces a local instance, the action-value function Q™ (s, a) playing the role of
the expected arm reward p;. This is precisely what the authors of [148] noticed, naming
this framework as Bandit Based Monte-Carlo Planning, where they used the work from
the MABP literature, benefiting from formal regret bounds for decision-tree exploration
strategy. More precisely, they proposed to use UCB1 [146] of equation (5.6) to build a
MCTS-based algorithm where the selection step is driven by the UCB1 rule. Named Upper
Confidence Bound applied to Tree (UCT), the decision tree is explored via MCTS while the
exploration-exploitation trade-off is managed by UCB1. Concretely, at each node s of the
tree, the selected action a* follows

a* =argmaxQ (s,a) + c- ,
%E.A ( ) N(Sva’)

(5.7)

with N (s) the number of times the current node s has been visited, N (s, a) the number of
times the child node from the transition s = s’ has been visited, and ¢ a balance constant.
Here Q (s,a) is an empirical estimate of the action value function from the previous
explorations, quantifying how promising the action a is based on the current knowledge.
This is a direct application of the UCB1 index presented earlier: in the degenerate case
where every action leads back to the same state s, the problem reduces to a MABP and the
formula recovers UCB1. The UCT demonstrated its effectiveness in [149, ], where the
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authors implemented it in MoGo, a UCT-powered Go engine wining multiple computer
Go tournaments on a 9 x 9 board. The success of MoGo established UCT as a practical
method for long-term strategic planning.

5.2.2 .The Monte Carlo Tree Search Algorithm

Monte Carlo Tree Search is a heuristic search algorithm for decision processes [148].
It iteratively explores a decision tree where nodes and edges respectively represent states
and actions. Given an arbitrary state sijy; as input, MCTS builds a sampled decision tree
rooted at sjnj, where valuable regions are unrolled, yielding an estimate of the policy and
expected reward. Starting from a single-node tree sj,;, the algorithm runs nycrs rollouts,
expanding the tree by one node at each iteration. Each node s stores two quantities: a
visit counter N (s), and an empirical estimation of the total cumulative reward W (s). The
purpose of the MCTS rollouts is to refine these quantities via tree exploration.

Before detailing the rollout process, let us fix the terminology and notation. We call
sampled tree the tree output from the MCTS exploration (as a sample of the theoretical full
decision tree). The subtree constructed during the MCTS process via the nycrs rollouts is
called the search tree (since it is under a search process). In the search tree, each node
represents a state s, associated with a set of available actions A;. Each edge corresponds
to an action a € A, leading to a child state s’. Every node stores two quantities updated
during the rollouts: a visit counter N(s), and the total cumulative reward W (s). Similarly,
each edge (s, a) carries a visit counter N(s,a) and the total cumulative reward W (s, a),
corresponding to the statistics of the child node reached by action a from s. Concretely,
the resulting policy

X _ N(s,a)
7(a]s)= N(s) (5.8)
and the empirical estimation of the action and state-value functions reads
. W (s,a) Ny . A
Q (s,a) = Ns.a) Vis)= Y #(als) Q(s,a). (5.9)

G,G.As

In the scope of this thesis, we use deterministic environments where a state-action pair
(s,a) leads to a unique state s’. Thus edge and node statistics coincide, thatis?: N (s,a) =
N (s')yand W (s,a) = W (¢).

With notation defined, we can now detail a single MCTS rollout. Each of the nycrs
rollouts can be decomposed into four steps: selection, expansion, simulation, and back-
propagation. Let us assume we are in the middle of an MCTS instance, more precisely at
the n™ iteration with 1 < n < nucrs, meaning the n search tree has n unrolled nodes. We
call sy the state from which the MCTS instance is called.

+ Selection Step: starting from the root of the search tree sjy;, the nodes of the

2In the general formulation of MCTS, statistics are attached to edges rather than nodes to
account for probabilistic transitions.
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partially unrolled search tree are successively selected until a leaf is reached (a
node that has never been visited by a previous rollout), following the exploration-
exploitation framework of [148]. The constructed path

o = {50 = Sini, 51, Sk = Sleaf} (5.10)

is built by consecutively choosing the action a* that maximizes the UCT criterion

a* = argmaxQ (s,a) +c-
acAy N(S,CL)

(5.11)

where N(s) is the number of times node s has been visited, N(s,a) the number
of times the child node reached by action a from s has been visited, Q (s,a) the
empirical estimation of the cumulative reward collected through that child node,
and c a balance constant. This step drives the exploration through known nodes of
the tree until an unexplored node, i.e. a leaf, is reached.

* Expansion Step: once a leaf sie5¢ is reached, a new child node spew is created,
expanding the search tree by one node.

+ Simulation Step: a random game is played from this expanded node until a
terminal state is reached. Calling o,ang the path of the random game spew — Send:
we compute the cumulative reward

Goma = > R(5). (5.12)

!
s €0rand

+ Back-propagation Step: finally, the node statistics along the selection path ¢ are
updated. Each visited node s € o collects a cumulative reward

Govroma = D R(S), (5.13)

s'€os+0rand

where o, C o denotes the sub-trajectory starting from s, os+0vang the concatenated
path, and r(s’) is the reward associated with the s transition state. For each visited
state s € o, the empirical estimation of the total cumulative reward W (s) is then
updated via

W(s) = W(s) + Go, 4oy (5.14)

and the visit counter is incremented by one

N(s) < N(s)+ 1. (5.15)

Let us develop some intuition of the MCTS algorithm. The selection and expansion
steps exploit the exploration-exploitation trade-off of UCB1 to reach a promising unvisited
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Figure 5.1: Illustration of the MCTS iterative process. Assuming we are in the middle
of an MCTS instance, the tree is first traversed until a leaf is reached (selection). From
this leaf, a new child is expanded, growing the sampled tree by one node (expansion). A
random game is then played out from this new child (simulation), and the selected nodes
are updated according to the final reward of the simulated game (back-propagation).

region of the tree. The random simulation provides a sample of the cumulative reward
attainable from the leaf. The back-propagation then refines the value estimates of the
visited nodes by incorporating the outcome of the simulation, improving subsequent
predictions. Thus, after nycrs rollouts, the algorithm returns a partially expanded
sampled tree, where each visited node carries empirical statistics W (s) and N(s). The
root statistics W (sini) and N (sini, a) are the most reliable, as they aggregate information
from every rollout. For better understanding, figure 5.1 gives a graphical representation
of the MCTS algorithm, and algorithm 1 a formal pseudo-code implementation, using the
functions

« InitTree(sin): initializes the search tree as a single root node sy with N (sjni) = 0
and W(sini) =0.

« Environment(a, s): applies action a to state s and returns the resulting child state

s'.

« Expand(tree, siea): Creates a new child node spew from the leaf sieaf, growing the
tree by one node.

* RandomAction(Ag): draws an action uniformly at random among the available
actions of s'.

* r(s'): reward associated with the transition reaching state s'.
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Algorithm 1 Monte Carlo Tree Search

Require: root state s;n;, number of rollouts nycrs
1: tree < InitTree(sin)
2: for i < 1to nycys do

— Selection —
3 S < Sinj
4 o< {sini}
5. while sis not a leaf do
6: a*eargmaxaeAsQ(s,a)%—c- VINN(s)/N(s,a)
7: s < Environment(a*, s)
8: o+ oU{s}
o: end while
10: Sleaf < S
— Expansion —
11: Snew < Expand(tree, Sieaf)
— Simulation —
12: 5" < Snew
13: G+ 0
14: while s’ # seng do
15: a <+ RandomAction(Ay)
16: s' « Environment(a, s)
17: G+ G+ R(s)
18: end while
— Back-propagation —
19:  foreach s codo
20: Gs Do, R(8") +G
21: W(s) <+ W(s) + Gy
22: N(s) «+ N(s)+1
23:  end for
24: end for

— Estimation from the root statistics —
25: for eacha € A, do
26: 7 (a | sini) < N(Sini, @)/ N (Sini)
27: Q (Sini, @) <— W (Sini, @)/ N (Sini, @)
28: end for
29: return fr,@
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5.2.3 .Monte Carlo Tree Search as a Reinforcement Learning agent

In a reinforcement learning framework, MCTS can naturally be used as a policy
provider for the agent: at each step of the game, the agent calls an MCTS instance from its
current state, explores the decision tree, collects statistics from nycts simulated games,
and computes an empirical policy as shown in equation (5.8). These nycrs are run in a
sandboxed copy of the environment, and are referred to as virtual games since they do
not affect the real game state. This places MCTS-based agents in the class of model-based
algorithms: the agent has access to an exact simulation of the environment, allowing
strategy refining via virtual games studies. Much like a chess player mentally exploring
several moves ahead, the agent simulates future sequences of play and selects the most
promising action in the real environment. See figure 5.2 for illustration.

Concretely, MCTS-based RL agents are structured in two nested loops. The outer loop
corresponds to the game itself: for every node s, the agent picks an action a according to
apolicy 7 (a | s), leading to a new node s’ in the game tree. The inner loop corresponds to
the MCTS procedure: before picking an action the agent plays nycrs virtual games from
its current node s, getting a sampled tree from which a policy 7 (- | s) can be estimated.

As an example, let us consider a time step ¢ where the environment is in state s;.
Facing a multitude of choices, the agent calls an MCTS instance with root node s;. Playing
nmcts Vvirtual games with s, = s; as the initial state, the agent gets data from the MCTS
tree exploration. From these this data, the agent is able to build a policy 7 (- | s;), as it has
been exposed in equation (5.8). For instance with the Boltzmann distribution

N 1/7’
. (st,0) T 7 €]0,1]
7(alsy) =19 2o N(st,a) (5.16)
1lifa=a*else0 7=0

with N(-) the visit counter from the MCTS instance, 7 the temperature which balances the
distribution, and a* the most promising move

a* =argmaxN (s,a). (5.17)
a€As

The ten perature para neter 7 directly refers to the Boltzmann distribution:
i ( ‘ ) = *1 exp *1 Ir N( ) (5 18)
a| s a, s .
t 7 y Ot )

which balances the sharpness of the distribution.

By planning several moves ahead with end-rolling virtual games, MCTS agents excel
at long-term strategic decisions, with the asymptotic guarantee that V (s;),Q (s;,-) —
V™ (st), Q" (s¢,-) for nycts — oo as demonstrated in [148]. This strength, how-
ever, comes at a significant computational cost: each move requires nycrs calls to the
environment simulator, which becomes problematic when simulation is expensive. A

128



more fundamental limitation is the absence of a persistent memory across games. The
MCTS is purely local, rebuilding its search tree from scratch every new games, without
accumulating a global understanding of the environment across the games played. This
lack of persistent knowledge motivates the integration of MCTS with heuristic learner such
as neural networks, which lies at the heart of the AlphaZero framework.

5.3 .AlphaZero

Unlike conventional MCTS which explores the decision tree on the fly without any
prior knowledge, AlphaZero exploits an intensive training phase, tuning the agent to
the target problem before deployment. The core idea is to integrate a neural network
trained from self-play games, embedding knowledge about the game, helping guide the
MCTS. The agent benefits from the neural network integration in two ways. Firstly, the
representation capabilities of the neural network make the tree search smarter. Secondly,
the knowledge accumulated in the network reduces the number of iterations needed
for accurate MCTS statistics, allowing deeper exploration within the same computational
budget. Concretely, AlphaZero involves a network with two heads3: a policy head
predicting the policy 7, and a value head estimating V™. In this section, we use the term
policy network and value network to refer to the policy head and value head of the neural
network, respectively. This section focuses on the integration of the neural networks in
the MCTS pipeline, and, specifically, how the neural network guides the tree exploration
for better policy evaluation.

5.3.1 .Guiding MCTS with a Neural Network

In standard UCT, the exploration bonus is managed with a single constant Cycr,
treating all actions uniformly regardless of their potential. Moreover, when a node
is visited for the first time, the actions are selected randomly. [151] proposed an
adaptive trade-off by weighting the exploration term with a prior u(s, a), enabling guided
exploration during the virtual games. This UCT variant, called PUCT for Predictor UCT,
reads

PUCT (s,a) = Q (s,a) + Cpyor u(s,a) - ]V(s]\cfz()S)—i—l'

AlphaZero adopts this criterion for its tree search. Rather than hand-crafting the prior

(5.19)

u(s,a), the policy network provides a policy, 7 (a | s). Formally, the AlphaZero version of
the PUCT is

PUCT (s,a) = Q (s,a) + Cpycr 7 (a | s) - (5.20)

3The original AlphaGo [115] uses two separate networks, while AlphaZero implementation [1716]
uses a single network with two heads, maximizing the shared representation of the policy and
value.
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Figure 5.2: lllustration of a reinforcement learning MCTS agent. At each time step ¢, the
agent runs an MCTS instance from the current environment state s;. This MCTS instance
plays nmcrs virtual games, using s, = s; as the root of the tree. A policy is then built from
the sampled tree, from which the agent picks an action.
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where 7 (a | s) is the policy from the neural network, Q (s,a) is an estimation of the
action-value function from the tree search, N(s) the MCTS visited counter, and Cpycr
is the balancing constant. This heuristic method guides the exploration during the virtual
games. It also removes the need for game-specific priors, allowing the network to capture
structure that would be missed by a hand-crafted heuristic.

Moreover, by replacing the simulation step with a single evaluation of the network,
the MCTS efficiency is drastically improved. Trained on a multitude of self-play games,
the value network directly estimates the expected reward from a leaf node G (replacing
Go,..q) Dypassing the need for a full simulation. While calling the neural network may be
computationally more expensive than a rollout, AlphaZero compensates for this through
an accurate estimation of the leaf-node value. Indeed, a single evaluation of the value
network is worth an enormous number of standard guided simulation, offering a better
trade-off between accuracy and computational cost. More precisely, in the original
AlphaGo [115], evaluating a single move takes on the order of microseconds, while a
neural network call requires a few milliseconds. Thus, for a game requiring roughly 100
moves to end, a single network call is about 10 times slower than simulating an entire
game. In other words, one can simulate approximately 10 full games per neural network
call. However, the authors showed that the value network requires way fewer evaluations
to match the accuracy of a policy-guided simulation, reducing the overall computational
cost per virtual game by a factor of 15000. This allows a deeper exploration and therefore
smarter strategy planning for a limited computational budget.

5.3.2 .AlphaZero policy

During a game, AlphaZero follows the standard MCTS-based agent structure: an
outer loop corresponding to the real game steps, and an inner loop running nycrs virtual
games per step. The key difference with standard MCTS agent lies in the rollouts: the
selection step is now guided with the policy network, and the simulation replaced by a
value network call.

At each step, AlphaZero agent calls an MCTS instance from its current state s, which
plays nucrs virtual games in a sandboxed environment. Then, based on the sampled tree
statistics, the agent builds a policy 7 (- | s) and picks an action. In the original AlphaZero
paper, the policy is built via a Boltzmann distribution in the zero-temperature limit 7 — 0.
Thus, the most visited child-node

a* =argmaxN (s,a) (5.21)
a€A;
is picked. This greedy selection exploits the knowledge accumulated by the networks
during the training phase. Unlike standard MCTS, which discovers the game tree on
the fly, AlphaZero benefits from a persistent knowledge of the game acquired during a
training phase prior to deployment, which we describe next.
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5.3.3.Training AlphaZero

The training pipeline of AlphaZero alternates between two phases: self-play and
network update. During the first phase, the agent plays training games, called self-play
games, with the guided version of MCTS described above, accumulating sampled tree and
statistics along the way. Then, these statistics are used as training data for updating the
network: given a state, the network learns to directly predict the policy and value that
the tree search would have produced. Over successive iterations, the network produces
more accurate estimation, refining the MCTS guidance while progressively focusing the
exploration on promising regions of the tree.

More formally, the training pipeline is composed of three nested loops. The outer-
most loop is the network update: for each update, ngames self-play games are played,
aggregating data over these games to feed the next network update. The second loop
runs these ngames self-play games one by one. The innermost loop runs, at each step
of a self-play game, an MCTS instance of nycrs virtual games. In the standard machine
learning vocabulary, an iteration of the outer loop is called an epoch. Every epoch the
updated agent competes with the previous one on few games, benchmarking the impact
of the network update on the agent smartness, and the winner is kept for the next epoch.
After ngpoch, the training ends and the networks are ready to be used for real games. For
clarity, the figure 5.3 illustrates the pipeline, and algorithm 2 gives a formal description.

The choice of the network architecture has a non-negligible impact on the agent's
learning performance. This must actually match with the environment representation
and the game mechanics. For instance, a game whose observations are captured as
images naturally fits a convolutional network, which efficiently extracts local spatial
patterns. Conversely, a linear observation with long-range correlations is better suited
to a transformer architecture, which captures contextual dependencies attention layers.
A more detailed discussion of the network architecture is given in section 6.4.

Usually, the overall learning strategy adopted follows an exploration-oriented setting
during the training, as opposed to an exploitation-oriented setting for real games. During
the training phase, we limit the number of virtual games per move nycrs, preventing the
agent from deep exploration. Additionally, stochasticity is added to the exploration via a
non-zero temperature 7 > 0 and Dirichlet noise at the initial step, the details of which are
not discussed here. This setting boosts the exploration capabilities of the agent and the
resulting training data spans diverse regions of the decision tree, exposing the networks
to a broad range of situations for general learning.

Conversely, the agent switches to an exploitation setting during real games, leveraging
the capabilities of the trained network. With a large number of simulation per moves and
a greedy behavior with a temperature 7 = 0 (as depicted in equation (5.16)), the agent
focuses on high-reward regions of the tree with a deep exploration. This setting exploits
the knowledge accumulated during the training phase. For instance, in the AlphaZero
original paper [116], the authors limited the number of virtual games by nycrs = 800 with
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strong Dirichlet noise and high policy temperature, while the number of virtual games
reached hundreds of thousands during real game, without any stochasticity.
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Algorithm 2 Training AlphaZero

1: for i < 1 to nepocn, dO
2 data < ResetData()
3 for j < 110 ngypm. do
4 5 & Sstart

5: while s # s, do
6 7,Q < MCTS (s, nmcrs)
7 data < AddStorage (fr, Q)
8 a « Pick(T)

o: s < Environment(a, s)
10: end while
11 end for
12: UpdateN eural N etwork(data)
13:  Competition()
14: end for

o MCTS (s,nmcrs): call of a guided MCTS instance. This function runs
the networks-guided MCTS with nycrs iterations, from the current
state s. Returns an estimation of the policy # and value function V
and Q from the statistics.

e AddStorage(#,Q): add the guided MCTS estimated policy # and value
function Q to the storage.

e Pick(): selects an action according to the policy 7.

e Environment(a,s): plays the chosen move by calling the environ-
ment, update the state of the environment, and returns a reward and
an observation.

e UpdateNeuralNetwork(data): update the weights of the neural
network with data.

e Competition(): run competition between the current and updated
neural networks, the best one is kept.

e ResetData(): reset the data for a new epoch.
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Figure 5.3: Framework of the training phase of AlphaZero.
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6 -Results and Perspectives

The previous chapter introduced AlphaZero as an enhanced version of Monte Carlo
Tree Search where the tree exploration is guided by a neural network. With this
theoretical basis, we now apply AlphaZero to quantum circuit synthesis using the game
framework developed in chapter 4. In this chapter, we first describe the learning strategy,
detailing our implementation and parametrization. We then present the results, before
proposing perspectives for further development.

6.1 .Learning pipeline

As seen in the previous sections, training an AlphaZero agent requires a computa-
tionally heavy phase where the agent plays self-play games, aggregates MCTS data, and
updates the policy and value networks. In this pipeline, the agent is tasked with syn-
thesizing a set of training unitaries {U}ra‘”}, each provided with a known decomposition.
From a certain point of view, this set plays the role of a training dataset: it guides the
learning process and shapes the final performance of the agent. Although AlphaZero is
part of unsupervised learning, we will refer as training set the set of unitaries on which
the agent learns to synthesize. The choice of training unitaries therefore deserves careful
design. In this work, they are built from randomly sampled circuits of predefined depth.
Concretely, each circuit is iteratively constructed from the agent's gate set G, with each
gate drawn from a uniform distribution. This procedure guarantees the existence of an
exact decomposition of each training unitary U@ within depth d,. Targeting short-depth
solutions, we leverage this knowledge by constraining the agent to find a decomposition
with at most d; gates. Furthermore, to prevent trivial circuits that could mislead the
learning process, gate redundancies are filtered out using the action mask detailed in
section 5.1.

Curriculum learning

Even when a solution is guaranteed to exist, learning from random circuits remains
challenging: rewards are sparse and the space of possible circuits grows exponentially
with depth. We therefore adopt a structured training strategy, referred to as curriculum
learning, which orchestrates how the agent is exposed to the training data [152]. To
prevent the agent from behaving as a random walker during the first epochs, the difficulty
of the game increased progressively as learning advances. Concretely, the depth of each
random training circuit Uf" is drawn from a Gaussian distribution with mean p and
variance o. At every k epoch, the Gaussian center p is incremented by one. Formally,

di ~ G (i, o), (6.1)
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where G (-, -) denotes the Gaussian probability distribution and the mean is updated as

(6.2)

1
i = Hini + \‘J )
k- Ngame

with u,,; the initial mean depth, from which the curriculum starts. This significantly reduces
the computational cost of training. Starting from low-depth circuits initially increases
the number of won games which the agent learns from, since MCTS alone may already
find solutions. As the average target depth grows, the policy is progressively refined to
synthesize non-trivial target unitaries, mitigating reward sparsity. See figure 6.1.

Scheduled policy temperature

To further improve the learning process, we use a scheduled policy temperature
which encourages exploration in the first steps of games and exploitation for the last
steps. As seen previously, higher temperature makes the action selection more stochas-
tic, following the probability distribution of the MCTS policy for 7 = 1, while a lower
temperature makes it more deterministic, selecting deterministically the action with the
highest probability for 7 = 0. This setting boosts the exploration capabilities of the agent
and the resulting training data spans diverse regions of the decision tree, exposing the
networks to a broad range of situations for general learning. Concretely, during the self-
play games the agent policy follows

1/7
N(8t7a‘) 1/7— T 6]0, 1]
w(a|s) =4 >N (s,0a) (6.3)
lifa=a*else0 =0

with N (-) the visit counter from the MCTS instance, T the temperature which balance the
distribution, and a* the most promising move

a* =argmaxN (s,a). (6.4)
aEAs

In practice, we set a temperature of 7 = 1 for the first 5 steps before decreasing it to
7 = 0.6 for the next 10 actions and down to 7 = 0.4 for the remaining ones.

6.2 .Numerical implementation

Game parameters

Before describing the training procedure, let us fix the context variables of the
environment on which AlphaZero is trained. As discussed previously, the reinforcement
learning environment is fully defined by the tuple (S, A, P, R,~), which has been set in
chapter 4. However, ggme-parameters, such as the number of qubits n or qubit connectiv-
ity, directly impacts the instances of the tuple: the former impacts the dimension of the
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Figure 6.1: lllustration of the curriculum learning strategy. A set of training unitaries
{U}rai”} is generated from random circuits, each admitting a depth-d; decomposition by
construction. The target depth is progressively increased during training, exposing the
agent to increasingly difficult synthesis tasks.

state space S, while the latter defines the action space A. Therefore, an AlphaZero agent
only applies to synthesis problem sharing the same set of metaparameters. Otherwise,
each combination of these game parameters yields a distinct instance of the environment,
on which the agent must be trained from scratch. In this manuscript, we explore
four instances that can be divided into two main families: all-to-all connectivities and
n+1 architecture. The all-to-all connectivity architectures correspond to the conventional
architecture where the n data qubits carry gates and all qubits can talk to each other.
We use the gatset G = {H,S,T,CNOT} for this architecture. Inspired by [118-120],
the dynamic circuit architectures refer to a n+1 architecture with n data qubits and one
additional ancilla qubit. In this case, the agent is constrained to apply single-qubit gates
on the ancilla only, while CNOTs are shared between the ancilla and the data qubits.
The gateset used for this architecture is G = {H,T,CNOT}. Note that this connectivity
maintains universality, swap operations can be implemented using CNOT operations. For
each of those architectures, we train our networks for n = 2 and n = 3 qubits circuits,
leading to a total of four agents with a dedicated state space S and action space A.

Agent hyper-parameters

The agents are trained using the curriculum learning strategy described above, with
an average depth ranging from 5 to 30. For each target depth d;, we run nepoch = 5
epochs, each consisting of ngames = 2048 games, resulting in nsteps = 2048 X d; x nmcTs
MCTS data for each epoch, with a batch size of 64. At the end of each epoch, the neural
network weights are updated using Adam for the gradient descent with a learning rate of
1073 [153]. For stability, we also include an Ly-regularization term with a weight of 1074,
The updated network mew is then compared to the best-performing one mpest Over 100
games. mhest IS replaced by mnew if the latter synthesizes at least 5 more target unitaries
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than the former. After the 5 epochs completed, the target depth is incremented by one
di+1 = d; + 1. The table table 6.1 summarizes the numerical numbers.

Given the complexity of the unitary synthesis task, we opt for a two-head deep residual
network architecture, or ResNet [154]. ResNets are known to be efficiently trainable and
stable even with many deep layers, thanks to their residual connections. They are also
compatible with fine-tuning, as required by the curriculum learning strategy where the
network weights need to be progressively readjusted with the increasing difficulty. Our
ResNet takes as input the game state U, split into two flattened arrays, one for the real
part and one for the imaginary part. The architecture consists of a main torso of 5 residual
blocks, each with 64 channels for feature extraction and a kernel size of 3 x 3. The network
then splits into two distinct heads for policy and value predictions. The policy head first
applies a convolutional layer with 32 channels and a kernel size of 1 x 1, followed by
a dense layer with a softmax activation function, producing a probability distribution
over all actions a € A. Similarly, the value head applies a convolutional layer with 8
channels and a kernel size of 1 x 1, followed by a dense layer with a tanh activation
function, producing a scalar value in [-1,1]. To stabilize and accelerate training, batch
normalization layers are added after each convolutional operation.

Hardware implementation

To exploit parallel GPU acceleration on matrix multiplications, the game environment
has been fully implemented in JAX [155]. We rely on the PGX game framework, a
standard environment library supported by most machine learning toolkits [156]. Our
implementation is publicly available on GitHub'.

On the agent side, we exploited the parallel capabilities of MCTS through a vectorized
implementation of AlphaZero in JAX. This enables the parallel execution of multiple
virtual games on GPU during self-play, significantly accelerating the training phase.
Moreover, keeping both environment and agent on the GPU keeps all data in VRAM
during the training, avoiding the PCle transfers that would bottleneck the learning loop.
Our implementation is adapted from turbozero [git-valcarce, ]. For training, the
AlphaZero agent is parameterized with a simulation budget of nycrs = 200 per action,
balancing performance and resource usage.

Regarding the hardware resources, we train the agents on two NVIDIA Titan Xp GPUs.
This setup results in training time of ~ 1day 19 h for the architecture with 2 data qubits
and 1 ancilla with a restricted qubit connectivity (2 4 1 architecture), ~ 4 day 7 h for 3 data
qubits and 1 ancilla (3 + 1) qubits and a restricted qubit connectivity, and ~ 4 day 10 h for
3 qubits without ancilla and a all-to-all connectivity. These 3 cases are discussed furtherin
the next section. We study the carbon impact of the training process in the next section.

6.3 .Results

"Thttps://github.com/xvalcarce/quantum_compilation
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Quantity Per iteration Total

Target depth di=5— 30 30—-5+1=26

Epochs Nepoch = O 5 x 26 =130

Real games Ngames = 2048 2048 x 130 ~ 2.7 x 10°

Steps Nateps = di | (s d) X (Mepoch * Ngames) =~ 4.7 x 10°
MCTS virtual games | nycrs = 200 200 x 4.7 x 10° ~ 9.3 x 10°

Table 6.1: Training computational cost. Each line shows the number of operations
per iteration of the parent loop, and the cumulative total over the full training.
The total number of MCTS simulations reaches the order of 107, illustrating the
resource intensity of the training phase.

6.3.1 .Quantitative benchmark

To evaluate the performance of our trained agents, we propose a benchmark based
on randomly sampled target unitaries. For each agent, we choose these unitaries from
randomly constructed quantum circuits using the same gate set and qubit connectivity the
agent has been trained on. A synthesis is considered successful if itimplements the target
unitary and if the designed circuit depth is at most the depth of the circuit used to produce
the target unitary. For this benchmark, we set the simulation budget to nuycrs = 400,
balancing agent performance with runtime efficiency to enable exploration across a broad
range of target unitaries in a reasonable time. Figure 6.2 illustrates the trade-off between
agent performance and runtimes for different values of nycrs.

For each test unitary, we first attempt synthesis using a deterministic policy (7 = 0).
If no circuits were found, we switch to a stochastic policy (r = 1) and perform 10
independent runs, for an average total runtime of approximately 10 s, as it may help the
agent to escape from local minima in early gates. Synthesis is considered successful if
any of these runs produces a circuit implementing the target unitary.

To benchmark our trained agents we also run a Monte Carlo tree search without
neural network guidance. We keep the simulation budget to be the same. Similarly, we
first run a deterministic MCTS policy with 7 = 0, and, if that fails, we run 10 runs with a
temperature 7 = 1.

We conduct this benchmark for agents trained for the 2+1 and 3+1 qubits architecture.
The results are shown in figure 6.3. Our AlphaZero agents outperformed the MCTS
baseline in every case, allowing to synthesize unitaries sampled from high depth circuits.
Comparing the 2 + 1 and 3 + 1 architectures, we see the benefits of AlphaZero agents
against MCTS agents as the number of qubit increases. Note that the average depth of
the synthesized circuits is always lower than the quantum circuit used to produce the
target unitaries, hence either demonstrating simplification capabilities of our agents, or
circuits with trivial simplification from the random generation.

6.3.2 .Qualitative benchmark
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Figure 6.2: Unitary synthesis success for 100 randomly sampled circuits of depth 10 on a
3+1 architecture, using AlphaZero agents with varying simulation budget, nucts, and a fix
temperature 7 = 0.
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Figure 6.3: Performance of trained AlphaZero agents in synthesizing unitaries generated
from random circuits of varying depth into circuits of similar or lower depth. For each
depth d, we attempt to synthesize 100 random target unitaries. An attempt is considered
successful if the synthesized circuit is of at most depth d. For each target unitary, we first
run the AlphaZero agent with 7 = 0, if synthesis fails, we give it 10 runs at 7 = 1. As a
baseline, we run an MCTS with the same two regimes.
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As quantitative benchmarks might not be relevant for practical use cases, we compile
unitaries that are fundamental elements of quantum operations. All the unitaries
explored here are clearly defined in Ref. [158]. The circuits successfully synthesized by
our agents are available in table 6.2.

2-qubits unitaries: For 2-qubits unitaries, we aim to compile Control-S (CS), Control-
T (CT), Control-H (CH), Control-/NOT (CV), and iSWAP gates. Except for CT, our agents
successfully synthesized all of these gates, both in the all-to-all connectivity and clean
ancilla architectures. These compilations have been done using the deterministic regime,
7 = 0, and therefore have a runtime of a few seconds. The produced circuits match known
optimal decompositions both in terms of T-count and circuit depth. The CT unitary have
been found only in the clean-ancilla regime. This is in accordance with the fact that the
CT gate can not be implemented using a Clifford+7" gateset on 2 qubits without the use
of an ancilla [118]. The circuit found matches the currently best known implementation
proposed in [119].

3-qubits unitaries: For 3-qubits operations, we attempt to synthesize the Toffoli or
CCX, CCZ, and Fredkin or Control-SWAP gates. In the all-to-all connectivity architecture,
we recover known optimal circuits for the Toffoli and CCZ gates. While synthesizing the
CCZ took 3.3s using the deterministic 7 = 0 regime, finding the Toffoli decomposition took
102.2s and took 100 runs using a temperature 7 = 0.6. Synthesizing the Fredkin operation
took 19 gates instead of the known optimal of 17, and necessitated 1000 runs at 7 = 0.6
for a total runtime of 3042s. Using clean-ancilla architecture, we find an implementation
of the Toffoli and CCZ gate using 47-gates in 200s runtimes from 200 runs at 7 = 0.6 (see
the discussion in the next section for the synthesis of the Toffoli gate). This decomposition
is consistent with the 47T-gates construction proposed in [118], showing the capabilities
of the agent. However, our agent failed to synthesize the Fredkin gate in the given 1000
runs - or 3000s of maximum runtime.

6.3.3 .Human feed-back

Trained agents can be used in a human-machine interaction loop, i.e. from a first
circuit draft provided by the agent, it is often possible to simplify and improved the
circuit. To illustrate this interaction, we study the compilation of a Toffoli operation using
the clean-ancilla architecture. In approximately 200s runtime, our agent provides the
quantum circuit given in figure 6.4a. From this circuit, we manually discard the first 7
gates, which are equivalent to the identity channel. These unnecessary operations are
likely caused by the high temperature 7 used to sample the actions in the first few steps.
We then replace the last two consecutive T gates with a single St operation. Note that
these two improvements can be algorithmically addressed using identity checks and basic
replacement rules.
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(b) Synthesis of the correction unitary Uc using the 3 qubits all-to-all agent.
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(c) Complete implementation of the Toffoli gate on 3 qubits and 1 clean ancilla, using 4T gates.

Figure 6.4: Using reinforcement learning to synthesize the Toffoli gate for conditionally
clean ancilla architecture.

As the Toffoli implementation proposed in figure 6.4a is conditioned on the ancilla
being measured in |0), we provide the correction operation Ug, to apply on the data qubit
when the ancilla is measured in the |1) state. Demonstrating the complementarity of our
agents, we use two AlphaZero agents trained on 3 qubits using the {H,S, T, CNOT} and
{X,Z,H,S, T,CNOT} gatesets, respectively. In a runtime of less than a second, we find the
corrections given in figure 6.4b. Together, this leads to a deterministic implementation
of the Toffoli gate using 4 T gates as depicted in figure 6.4c. This matches the T-depth
proven optimal in [85], which took a runtime of an hour.

Note that we were not able to retrieve a circuit with a similar T-count using Synthetiq,
with a Clifford+T gateset and one clean ancilla given a maximum runtime of 200s.

6.4 .Perspectives

6.4.1 .Limits

As shown in figure 6.3, the AlphaZero agent is able to synthesize random unitaries up
to depth 30 across multiple architectures, providing a proof of concept for reinforcement-
learning-based quantum compilation. The approach also synthesizes practical gates such
as the Toffoli or the controlled-SWAP, including a new implementation of the Toffoli on a
3+1 architecture. However, several limitations of the current pipeline must be discussed.

First, synthesized circuits often contains trivial simplification and identity blocks.
For instance, the dynamic Toffoli circuit produced by the 3+1 agent could be manually
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simplified by recognizing that the first seven gates reduce to the identity. This highlights
a limitation of the agent in optimal-path finding, which may actually originate from
the quality of the training dataset. The target unitaries are built from random-circuit
sampling, and despite the non-trivial action mask filtering redundancies, the resulting
circuits often contain higher-order simplifications that the mask does not detect. The
agent is therefore exposed to targets with overestimated effective depth, allowing it to
learn longer than necessary paths while still being rewarded for exact synthesis.

While a deterministic policy with temperature 7 = 0 enables fast runtimes, it leads
to lower success rates than multiple stochastic runs at = > 0. The quantitative analysis
on the 3+1 architecture shows a non-negligible improvement in compilation success for
higher temperatures, at the cost of a runtime increase to ~ 10s compared to a single
deterministic shot. This prevents the agent from being used as an on-the-fly compiler
for subroutines of large circuits, as is commonly done in classical compilation. The agent
rather serves as a first draft for further improvements, either through a human-machine
interaction loop or via downstream automated tooling.

Finally, the main limitation of this work is its lack of scalability to larger circuits. Using
unitaries as the state representation leads to impractical size for the data on which the
agent is trained. Indeed, a n-qubit environment carries states of size 227, which quickly
becomes out of hand even with sparse representations of unitaries. This has been noticed
during training, where the VRAM of the GPUs saturates rapidly. This calls for more
compact representations of the states.

These limitations motivate further development of the framework beyond the proof
of concept presented here. The next section explores several directions of improvement,
ranging from smarter sampling strategies for the training set to algorithm improvement,
with the goal of pushing the agent toward smarter and larger circuits compilation.

6.4.2 .Improvements

Training set: As RL agent performances are strongly affected by the quality of the
self-play game, an improvement lies in increasing the quality of the training set. First,
we may focus on sampling less trivial training unitaires. The current redundancy mask
introduced in section 4.3 only prevents two consecutive gates from canceling each other,
it leaves higher-order simplifications such as three or four-gate blocks reducing to an
identity. Quantum circuit simplification tools could be leveraged to build a stronger non-
trivial training set with a same depth. For instance, [85] uses the ring representation of
unitaries to develop formal synthesis via SAT solvers, based on this representation the
authors also provide a lower bound on the optimal circuit depth. This bound could serve
as a constraint during training circuit generation, filtering trivial circuits which bring small
value to the training phase.

A second improvement concerns the non-Clifford content of the sampled circuits,
which we aim to increase. Adding T' gates to a sampled circuit does not guarantee an
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increase in its non-Clifford content: commutation relations may simplify and vanish T
gates. A more robust approach relies again on the ring representation of unitaries [159].
In [139], the authors observed that, for one-qubit circuits, the T-count, i.e. the minimal
number of T gates required, is directly related to the period of the coefficients’ unitary
over the ring. Concretely, they introduced the smallest denominator exponent sde (z, x)
of a base z € Z [w] with respect to z € Z [1/v/2,i], defined as the smallest k such that
za¥ € 7Z[w], quantifying the non-Cliffordness of single-qubit unitaries. In a subsequent
paper [160], the same authors proved that sde (v/2, z) = T (U), where T (U) denotes the
T-count of the unitary U, U € J; its quantum channel representation, and z a coefficient
of U. However, this result only holds for single-qubit unitaries, thus, further work is
needed for the development of a lower bounds on the T-count of multi-qubit unitaries.
Such bounds could be used to constrain the non-Cliffordness of the training circuits,
ensuring the agent is exposed to sampled unitaries with genuinely non-trivial T-content.
In this context, a possible training strategy would combine the two: a main curriculum
progressively increasing the circuit depth, and an inner curriculum, fine-tuning the agent
at each depth stage with controlled non-Clifford content to strengthen its handling of T’
gates.

Hyper-parameters: While AlphaZero provides a sophisticated framework for balanc-
ing exploration and exploitation with long-term strategic capabilities, the performance
of the agent lies on a set of hyper-parameters whose optimal values are not intuitive.
Bayesian optimization offers a way to address this issue, automatically exploring the
hyper-parameter space by modeling the agent's performance as a probabilistic function
of its configuration. This approach was used during the development of AlphaGo [115],
which tuned the hyper-parameters of its search by Bayesian optimization. A similar tuning
strategy could be applied to our agent.

Neural Network architecture: Another improvement lies in a deeper exploration
of the neural network architecture, which may lead to a smarter agent. Different network
architectures are known to suit different problem structures. For instance, convolutional
networks excel at image recognition with the kernel capturing local patterns, while
transformers dominate natural language processing using attention layers to capture
long-range context across distant words. The choice of architecture should therefore
reflect the structure of the data. In our implementation, we use a ResNet coupled with a
convolutional input layer. This combination targets local pattern recognition in the unitary
while benefiting from the stability and trainability of residual connections. However, since
the state is encoded as the Kronecker representation of the unitary, correlations between
qubits are spread across the whole matrix, often beyond the scope of the 3 x 3 kernel. For
instance, let us consider a single CNOT acting on a 3-qubit register, with the third qubit
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controlling the first. The corresponding Kronecker representation is

Ucnor = (6.5)

S O O O O O O
o O R O O O O O
o O O O o = O O
_ O O O O O O O
o O O = O O O O
o O O O o O~ O
o R O O O O O O
o O O O = O O O

The Kronecker representation scatters the control and target sequence across the matrix,
they cannot be captured simultaneously by a standard 3 x 3 convolutional kernel. The
network sees them as disconnected features and must rely on the depth of the subse-
quent residual layers to catch the full CNOT pattern. A possible way to deal with long-
range correlations of the Kronecker representation would be the use of a transformer
architecture. Even though the Kronecker representation spreads correlations across the
whole matrix, the attention layers of a transformer could capture them directly, bypassing
the need for deep residual stacks.

State representation: Asdiscussed earlier, using Kronecker for state representation
may not be suitable for future scaling as it grows exponentially with the number of
qubits n, s € SU(2™). A potential alternative would be to switch to a ZX-calculus state
representation, for instance using the encoding from the Tsim simulator [161]. Another
possible improvement would be to add extra information to the state representation, for
instance from a ring representation of unitaries. Building on the previous discussion, a
natural candidate is the smallest-denominator exponent over Z[w]| [160]. This result does
not extend to multi-qubit unitaries, but a similar approach based on a ring representation
of unitaries has been used in [83].

Hardware and computing power: On a more practical level, training the agent on
recent hardware would directly speed up self-play and allow for a larger virtual game
budget per move. We train the agents on two NVIDIA Titan Xp GPUs, with 12 GB of VRAM
each, required to store the parallel MCTS rollouts and their associated statistics. However,
the Titan Xp is based on the Pascal architecture, a hardware architecture old from several
generation which are now standard features for deep learning workloads. In particular,
the lack of Tensor Cores and efficient half-precision support makes the Titan Xp orders of
magnitude slower than recent consumer GPUs on neural network workloads. To identify
the bottleneck of the training computation, let us decompose the cost of a single MCTS
rollout.

+ Selection: the agent traverses the expanded tree until a leaf is reached, evaluating
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the PUCT formula equation (5.19) from prior stored in the visited nodes, no network
call is performed at this step.

+ Expansion and simulation: the agent expands a new leaf, performing one unitary
multiplication to get the leaf-state, and calling the network once to obtain both the
prior policy and the value estimate of the leaf.

+ Back-propagation: only node statistics are updated, which is essentially free.

A single MCTS rollout therefore costs one network inferences and one unitary multipli-
cation. A 16 x 16 complex matrix multiplication requires O (6 - 16°) = O (10*) FLOPs.
A single forward pass of our network costs O (10%) FLOPs, four orders of magnitude
above the unitary multiplication. The dominant cost therefore lies in the network calls.
The combination of BF16 half-precision arithmetic and Tensor Cores in recent NVIDIA
architectures accelerates neural network inference by orders of magnitude over Pascal.
This make each rollout proportionally faster and unlocking broader tree exploration
within the same computational budget. Additionally, recent GPUs carry several tens of
GB of VRAM with bandwidths reaching 1-3 TB/s, contrasting with Titan XP GPU limited at
500 GB/s, which enables larger networks and larger MCTS batches.
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7 -Conclusion

From a broad perspective, this manuscript explores two protocols situated at opposite
ends of the quantum information stack. At the network level, it studies the distribution
of fragile entangled states between distant modes sharing a single excitation, a key
ingredient for long-range quantum communication. At the circuit level, it proposes an
efficient compiler using non-Cliffordness sparsely, as this is a costly resource whose
consumption ultimately complicates the classical simulation of fault-tolerant quantum
computation. While these settings differ considerably in scale and purpose, they are
united by a common objective: the optimization of scarce quantum resources under
realistic physical constraints. From the distribution of entanglement across large-scale
networks to gate-level circuit compilation, this thesis illustrates how advances in low-level
quantum information protocols may help shape the foundations of both future quantum
communication and computing architectures.

Large Quantum Networks

This manuscript first provides theoretical support for the QIA consortium, whose
objective is to develop the first large-scale networks in Europe. A concrete architecture
for entangling remote metropolitan quantum networks through a quantum-repeater
backbone is proposed. Within a perturbative framework accounting for up to two-photon
contributions, we provide numerical evidence supporting the feasibility of this approach.
Specifically, our results indicate that tens of entangled states with fidelities exceeding 90%
can be distributed per hour over 500 km. This proposal was selected by QIA’'s Executive
Committee as the architecture to be deployed during the project’'s second phase, which
has recently begun.

Beyond this perturbative analysis, we develop an exact model of an elementary
quantum network link by deriving explicit expressions for the heralding probability and
the conditional state, fully accounting for all multiphoton contributions. These results
enable optimization of the source parameters to achieve high entanglement distribution
rates while maintaining high-quality states in future quantum networks. They also provide
guidance for ongoing experimental implementations by yielding accurate predictions of
local photon detection statistics and coherence measurements. As a concrete example,
a collaboration with the De Riedmatten group demonstrates that our model accurately
reproduces the observed local photon detection statistics and single-photon interference
measurements, while also providing direct estimates of network efficiencies and noise
levels.

Finally, we propose a witness that reliably certifies the presence of two-qubit en-
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tanglement in an elementary network link while accounting for multiphoton events.
Importantly, this witness is well suited to ongoing experimental implementations, as it
is robust to losses, and is also relevant for future long-distance demonstrations, since it
relies solely on local detection events.

The efforts reported in this thesis have already led to several results. The work carried
out within the framework of the European project QIA has resulted in a manuscript
published in a high-quality peer-reviewed physics journal. We have also released Python
packages to characterize a dual-rail two-link repeater chain up to two-photon contribu-
tions [162], aswell as an exact model of a DLCZ elementary link providing expected photon
detection statistics and relevant quantities to verify its operation in the quantum regime
via the proposed entanglement witness [163].

The most immediate perspective of this work is to support the near-term activities
of the QIA consortium by first demonstrating how to compensate for the mismatch
between the photon waveforms emitted by single trapped ions and those retrieved
from rare-earth-doped crystal memories. A subsequent step will be to support the
development of two-link quantum repeaters. With the exact theoretical models now in
place, their adoption by QIA partners can significantly facilitate such implementations
by enabling the optimization of source parameters and the accurate characterization of
subtle sources of inefficiency and noise. The ultimate objective within this framework
is to map the entanglement generated across a repeater chain onto two ion-based end
nodes and certify entanglement between them. Since measurements along arbitrary
directions are available in this platform, the main challenge is to acquire sufficient data
to establish entanglement with statistically significant confidence. In this context, the
development of an entanglement witness that explicitly accounts for finite-size effects
could substantially reduce the number of experimental trials required for certification.
Such a tool would greatly facilitate the demonstration of entanglement between remote
metropolitan quantum networks, representing a major milestone for the field and a result
of considerable interest to the quantum networking community.

Additional collaborations with experimental groups would help promote the adoption
of the exact theoretical model of an elementary quantum network link developed in this
thesis. Beyond the collaboration with the De Riedmatten group discussed previously, an
ongoing collaboration with the Pan group at USTC aims to realize a record-length elemen-
tary network link. A first objective is to characterize the deployed setup by measuring the
photon detection statistics obtained with local non-photon-number-resolving detectors
over a range of pump powers. While significant efforts have been made to ensure that
the photon-pair sources operate in a single spatial and spectral mode, extending our exact
model to sources exhibiting multimode emission would be valuable for quantifying the
impact of residual multimode effects on the network performance. The final objective is to
characterize and certify entanglement within this architecture following the methodology
proposed in this thesis. Here again, a key challenge is to account for finite-size effects
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and, ideally, to develop methods that reduce the number of experimental trials required
for reliable entanglement certification. Such advances would considerably facilitate the
demonstration of entanglement over unprecedented distances and further strengthen
the practical relevance of the theoretical framework developed in this work.

Quantum Circuit Synthesis

Moving away from quantum communication, the second part of this manuscript
turns to circuit-level quantum compilation, a key ingredient of fault-tolerant quantum
computing. We study exact unitary synthesis within the Clifford+T" gate set, focusing
on decompositions of quantum algorithm subroutines. Unlike approximate synthesis,
which relies on the continuous-parameter optimization of a parametrized oracle, exact
synthesis is a discrete optimization problem. We frame this synthesis as a single-
player game, in which an AlphaZero agent builds the circuit gate by gate, aiming to
reach a target unitary U. Within this framework, we recover known optimal Clifford+T
constructions for small unitaries on all-to-all architectures. Targeting light non-Clifford
resources decomposition, we train an agent on a dynamic-circuit architecture, leading to
a four T-gate decomposition of the Toffoli gate on three qubits and a clean ancilla. This
work highlight the relevance of model-based reinforcement learning agent for unitary
synthesis, and their use for the exploration of promising architectures. The work has
been released as a preprint [164], together with the code of both the synthesis agent
[165] and the quantum-circuit-synthesis reinforcement learning environment [166].

Looking ahead, this work remains a proof of concept and several directions of
improvement are still open. First, making the agent Clifford-aware by feeding it a pre-
processed measure of Cliffordness would help for efficient MCTS exploration. Moreover,
explicitly penalizing circuit depth and non-Clifford gates, could guide the search toward
depth and T-gates optimized decompositions. Further, agents should scale toward larger
subroutines, such as quantum adders of a few bits. This will likely require both more
powerful learning architectures and more compact representations of quantum unitaries.
In this respect, transformer-based neural networks with attention layers could help
capture long-range correlations across larger qubit registers, while a compact encoding
based on ZX-calculus, such as the one proposed in Tsim [161], could provide a scalable
state representation. Finally, modern hardware (Tensor Cores, BF16/FP8, higher VRAM
bandwidth) would also bring orders-of-magnitude inference speed-ups over the GPU
used in this work, directly translating into broader tree exploration at equal compute
budget. Together, these developments could enable RL-agent to help compile quantum
algorithms, beyond simple subroutines.
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Future research

From a broader perspective, quantum compilation is now a major research area in
the quantum information community. On the hardware side, recent demonstrations
have shown logical qubits operating below the surface-code threshold [167, ]. On
the algorithmic side, resource estimates get closer to realistic implementation: factoring
a 2048-bit RSA integer is projected to require fewer than a million noisy qubits [169],
where twenty million were needed few years earlier [5]. As discussed in this manuscript,
beyond the combinatorial hardness of finding a gate sequence, the circuit must fit with
the constraints of the underlying error-correcting code and physical platform. This shifted
the community from circuit representation to spacetime representation, a layer closer
to the physical hardware that captures the full set of constraints, optimizing the logical
implementation at the physical level rather than at the circuit level [170]. For instance
with lattice surgery compilation, where ZX-graphs and their translation into spacetime
pipe-diagram is a combinatorial problem analogous to circuit synthesis. Translating an
abstract ZX representation of a logical operation into a physical pipe-diagram realization
aims to minimize the spacetime volume, that is, the qubit and time resources on the
physical chip, and exact solvers quickly become impracticable for large circuits [171]. As
a heuristic solver for large combinatorial problems with sparse solutions and unreliable
local observations, AlphaZero agent naturally fit with this layer. A recent lattice-surgery
compiler, TopolLS [172], addresses this optimization with an MCTS-based pipeline: a first
ZX-level reduction, followed by a heuristic MCTS optimization of the spacetime volume
during the ZX-to-pipe translation. Replacing the MCTS by an AlphaZero-style agent
would turn this layer-by-layer local optimization into a long-horizon planning strategy,
capable of anticipating optimizations several layers ahead, on top of the neural networks
generalization capabilities. Moreover, since both the ZX-level reduction and the ZX-to-
pipe translation operate on the same ZX-graph, a sequential two-stage pipeline may miss
joint optimizations. This calls for a multi-task reinforcement learning approach, in which
a shared latent space in the value and policy networks would let a single agent learn a
co-optimization of the two stages [173]. A further direction would extend such a compiler
to 3D codes [174], where the spacetime diagram becomes four-dimensional and the
geometric intuition guiding current 2D pipe-diagram compilation no longer applies. On
a broader note, we expect reinforcement learning agents to be part in the realization of
fault-tolerant quantum computing, thanks to their performance in complex optimization
problems but also with their ability to find solutions adapted to constraints imposed by
the physical implementations.
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A -Helpers

A.1 .Non-photon-number-resolving detector

Let us consider a non-resolving photon detector with an efficiency n. The POVM element
associated with a no-click event reads

I (n) = (1 — )"

The probability of missing the detection of a state | N) containing N photons in mode af
is

(NITI§ () [N) = (1 =)™ = RY,
where Ris definedas R=1— 1.

Including a dark-count probability dc in the photon detector, the probability of missing
the detection of a state |N) becomes (N|II§ () |[N) = (1 —dc) - (1 — n)™. The updated
POVM element for a no-click event is therefore

113 (n,dc) = (1 - dc) - (1 — )"

The POVM element for a click event then follows from the completeness of the two

outcomes: .
No-click event:  II§ (n,dc) = (1 — dc) - R* ¢,

(A.1)
Click event: I1{ (n,dc) =1 — (1 — dc) - R“T“,

with R = 1 — n. For simplicity, we omit the parameters n and dc in the notation and refer
to these POVM elements as II§ and 1I¢.
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A.2 .Trace of thermal states

This appendix derives general results for the partial trace of a two-mode and full trace of

a n-modes squeezed state.

Partial trace

First we derive a practical expression of the partial trace of a two-mode squeezed state

po=(1—22)-Tr [exp (33 : aTbT) 10) (0] exp (z - ab)}

with z € [0,1], and a' and b' two modes. First the definition of exp (-) gives
Calpt I A LR LATYW P
exp(:v ab>|00>—zn!a b |00>—Za: |nn) ,

we thus have

1ﬁﬁ=wb(2ﬁwd) 2w Ui
i J

=D La®{nly [ D2 i) (jj] | Lo @ ),
n i,J
=" @™ (nli) i) |3) ¢,

/rL?i?j
= 2™ [n)(nl,
n

hence, using the expression of a thermal state prem:

(@)= — 3 D (-2 S (@) ) (nl,

T 1+7(z) & 1+ n(x)

with the mean number of excitation defined as 7i(x) = % We finally get

(1—a2)-Try [exp (ac : aTbT) 10Y (0] exp (- ab)} =2 ()

Full trace

(A.2)

Now we go further and focus on the derivation of the full trace of an unormalized n-modes

squeezed state. Let's consider {aj}i and {bj}i two sets of n modes, M an x n matrix, = a
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realin [0,1], and |¢) a state defined

b
1
) =exp |2 (a ad)m| |1, (A7)
b,
here we aim to compute the trace of such a state
T =Tro (|1) (¥]). (A.8)

The first step of the calculation consists of performing a singular value decomposition on
the matrix M
M =U'SV (A.9)

with U and V unitary matrices, and ¥ = diag (01,09, --,0,) the diagonal matrix
composed of the singular values of M. Based on the unitary property of U and V, we
define two new sets of modes {a! }; and {1} such that'

al a} b b}
|l =U-| l=v] (A.10)
an a, A b,
we thus get
bJ{ 01 0 0 51 n
(ai aL)M : z(ai EL) 0 . 0 : :Zai-ajéj, (A.11)
bl 0 0 o,) \& i

this leads to a gentle expression of |i)
) = V1 — 22 = Seoilhl gy — /1= 22 0% (e“’i'ﬁﬁzT |0>) . (A12)

Using the basis-invariance of the trace, we switch the trace from the pre-transformed
mode basis to the new one Try, = Try,y 1,3 = Tr [{@}, {b:i}] and thus get

$~O"ET7T x- varﬁfi

izt _ =
= HTrﬁi,Bi [ex.aia;rbi ‘0> <0‘ ex'Uiaib'ii| '
i

(A.13)

A linear combination of modes gives proper new modes if the transformation is unitary.
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Finally using

.O-.ETiT -0 a:b: A i
Trap [0 [0) (0] €770 | = Try, [(Z@c i) ru>> ((@ay) <m>]
= Z (nn| (Zx Moo Jii) <JJ) Inn) = Z(l’ o) = 1_ 22
n %, n
(A.14)
we get the expression of the trace T' = Try [|¢¥0) (¥]

1

5, With AV the normalization

1
i 1—(zoy)

which is coherent with A' = det (1 — z2MMT) =[]
constant of [¢).
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A.3 .Integral calculation

This appendix aims to compute the integral:
I= // exp [— (a\x!Q +blyl* + cla+ 6z 4+ 1y|* +d|B + T — 6y\2)} d’zd?y (A.16)
Cc2

with, (a,b,c,d) € R and (o, ) € C.

Decomposing real and imaginary parts:

T =T+ 129 a= a1 + 1o
(A.17)

Y =y1+ 1Yo B=p1+ib

Since § and 7 are real, the affine combinations « + dz + 7y and 8 + & — dy split into
independent real and imaginary parts. The integral therefore factorizes as I = I - I,
where I, (k = 1, 2) carries the components {z, yk, ok, Ok }:

Ik://RQeXp [—axi—by%
— clag + 0z + Tyr)? — d(Br + TR — Oyx)?| Iz dPy .

Expanding the bracket and regrouping it as a quadratic form @y such as

Qr = Az} + By? 4 2C 2y + 2Py 1, + 2Ry yp + cos + dB2, (A.18)
where we have introduced the coefficients

A=a+%c+72d, B =b+1%c+ 6%, C = 671(c—d), (A.19)
and the k-dependents coefficients

P, = dcay, + 7d By, Ry = 71cay, — dd By. (A.20)

We integrate first over y,. The y;-dependent part of the exponentis —By,%—2(C’mk+Rk)yk,
so the Gauss integral? yields

2
Iy = /% ¢~ (cai+dBy) / exp [—Axi — 2Py + (C“z;&) d2z;, . (A.21)
R

The remaining exponent is quadratic in xj, with coefficients

AB — C?
B

_ 2(BP.— CRy)

5 foraz. (A.22)

forz;  and

’Gauss integral: [, exp [—az? — bz — ¢] d*z = /T exp [% — c},
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The second Gauss integration over xj, then gives the prefactor

T B T
VB VaB—c2~ yap_c2 A2

together with a residual exponent we call Q°. After calculation, the residual exponent
reduces, with A = AB — C?, to the compact symmetric form

1
Qs = X [bed (T — 0Bk)? + acd (S, + 7Bk)? + ab (cai + dBE)] (A.24)
where
A=AB-C?= (a+6*c+72d) (b+6*d + 7%c) — 6*°7%(c — d)?, (A.25)

T res
with A > 0 for convergence. Hence [, = — e 9k,
g k JA
The full integral is the product I = I1I. The prefactors multiply to 72/A, and the
exponents add to reconstruct the squared moduli, for instance (ra; — 5ﬁ1)2 + (tag —
662)2 = |ra — 63|, We finally get:

w* exp _bed|Ta— §B|? + acd|da + TB|* + ab(c|al? + d|B]?)

I:
A A

(A.26)
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B -Perturbative study of an elementary link

B.1 .Block-diagonal structure of the heralded state

We define #(n) as the Hilbert space generated by the states carrying n excitations across
two modes, formally

H(n) = Span{|ij) st.i+j =n}. (B.1)
This appendix establishes two complementary results regarding the action of the non-
trace-preserving quantum channel of the elementary link

Eink & Pini — Treace [\/ Ik Uss pini Ugs V HLnk:| (B.2)

on the initial state p,. First, the initial state admits a block decomposition along the
subspaces H(n), with diagonal blocks scaling as p™. Second, the channel &, preserves
this block structure: each subspace 7:[(71) is stable under &, and all off-block-diagonal
cross-terms are erased. Physically, if £ photons meet [ photons at the central station, the
resulting state shared between Alice’s and Bob’s memories is a delocalised state of exactly
k + [ excitations. The argument relies on the photon-number conservation of the beam-
splitter unitary, combined with the structure of the SPDC expansion in the symmetric
regime p, = ps = p. Schematically,

p° pi(n(i]) * *
1 * ppi(n%) *
Pini = T7
N1 x| p2old
(B.3)
P Evne (Pi(n?)> 0 0
1
e, 1 0 P& () 0
N 2)
0 0 p2 Eink <pini )
Equivalently, the heralded state lies in the direct sum of the photon-number sectors,
oo = D ol (B.4)
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Block structure of the initial state

The two SPDC sources produce the initial state
Wsoc) =/ 1—p Y /D" |kk), (B.5)
k

in the modes (af, bT) for Alice and (cf, dt) for Bob. The full initial state is the tensor product
of the two source contributions,

P = Pspoc @ pssoc 0 3 /BFTF T k) (K|, @ 1) (1], (B.6)
kLU

The diagonal terms k = &’ and | = I’ scale as p** and they live in Hige (k4 1) @ Hagna (k+1)
(with idler photons in the left and idler on the write), i.e. the subspace carrying exactly
2(k+1) excitations across the four modes. Collecting these diagonal contributions by total
photon number n = k + [ yields the block decomposition

1 n .
Pini = N an pi(ni ) + pi(P); (B.7)

n>0

where ,oi(n?) is the normalised density matrix of the n-photon sector, living in ﬁid.er(n) ®

ﬂsigna,(n), and py, collects the off-block-diagonal cross-terms k £ k' or |l #1'.

Stability of the channel operator

We now show that the block structure of p,, is preserved by &, each n-photon sector is
mapped onto itself, and the cross-terms p;, are erased. From a certain perspective, the
stability of the n-photon sectors reads

gLnk (ﬁidler(n) ® ﬁsignal(“)) — ﬁsignal(n% (B8)

meaning every element pi(n?) S 7-lid|er(n) ®7-Lsigna|(n) of the 2n-photon sector (idler and signal

n-photon sector) leads to the a state in the singal n-photon sector pE:L) € H(n). By linearity,

it is sufficient to study the action of £, on a single elementary term of the expansion,

Ein (pini) X Z \/ﬁk+k/+l+l’5mk (P(kk/”/)> s (B.9)
kKTl
with
pWFI) = |kki) (K KT, (B.10)
= |kl) (K", @ kL) (K|, (B.11)
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where the last line groups the central station modes on the front, |abcd) — |bc) |ad), in
order to isolate the modes b and c that interfere at the beam splitter from the modes a and
d that propagate to the memories. The beam splitter mixes the modes b and c together,
but conserves the total photon number, so it acts within each subspace #(n) separately,

Uss p*F'1) UL, = Uss KLY (K|, Uk @ |K1) (K], (B.12)
- ‘w(kl)> <¢(k/l/)‘bc ® |kl) <k/l/}ad’ (B.13)
with [*)) € H(k+1) and ‘w(’”’)> € H(K'+1'). The heralding measurement only registers

click patterns, so Il is diagonal in the Fock basis {|ij)} and cannot couple sectors of
different total photon number; consequently, each 7:l(n) is stable under II,,,,

HLnk

¢(kl)> - ’W”> Ak +1), (B.14)

and similarly for ‘w(’“'l’)>. Finally, the partial trace over the central modes projects the ket
and the bra onto the same photon-number subspace, so only terms with matching total
excitation survive,

B (H1) =Te |00 (500 a0 ], ©.19
with
Trbc‘zﬁ(’“’)> @W’)(b =0 ifk+l£K+0, (B.16)
since the bra and the ket belong to orthogonal subspaces of the Fock space. We have
thus shown
- 0 ifk+1#£K+1,
Eu (PH1) =2 . (B.17)
Dink otherwise,

which establishes that £, maps each n-photon sector onto itself and annihilates all cross-
terms between sectors of different total photon number.
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B.2 .Elementary link state expansion

This appendix derives the perturbative expansion of the heralded state p.,, the total
heralding probability P, and the fidelity ., in powers of the pump parameter p, starting
from the block-diagonal decomposition of the initial state established in appendix B.1.
The argument relies on the linearity of the heralding map and a Bayesian reading of the
conditional heralding probabilities attached to each i-photon sector.

Setup

Let &« denote the elementary link heralding map, namely the composition of the beam-
splitter, the single-click pattern 11, ,,, and the partial trace over the central station modes,

ot s — Trepn [\/Hmk Uss P UJS\/HLHK} (B.18)

The map &, is completely positive and linear, but not trace-preserving: the trace of its
output is precisely the heralding probability of the input state. Following the algebraic
study of appendix B.1, the initial state admits the block-diagonal decomposition

P = Zplp.(n.)w.m J+o(@),  N=Dp, (8.19)

where each pi(nii) is the normalised density matrix of the i-photon sector (Tr {p(l)} 1), and

ni

pr, collects the off-block-diagonal cross-terms. Since &, (pf;,) = 0, the cross-terms drop

out of the analysis and only the diagonal blocks pi(nii) need to be tracked.

Action of the heralding map

By linearity of &, the unnormalised heralded state reads

Eu () = Z P Eu (o) +0 (). (B.20)

=0

Each term &, <pi(nf)> encodes the contribution of the single i-photon sector to the

heralded output, and can be split into a probability Pff]i and a normalised state pE,:)k We
define the bare heralding probability of the i-photon sector as

P =Tr € (1) (B.21)
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together with the corresponding normalised heralded state

o _ S ()

]P)Lnk

Each pair ( Eﬁi, pfni) is an intrinsic object of the i-photon sector, independent of the other

sectors, and satisfies
Eune (1)) = PLL PR (8.23)

Heralding probability

The total heralding probability follows by linearity

]P)Lnk - Tr [gLnk plnl - ZP ]P)Lnk + O ) (824)

This identity is the operator-level analogue of the law of total probability: P, averages
the conditional heralding probabilities IPEQ over the prior weights p’/A of the SPDC
decomposition, where each term is an independent contribution of the i-photon sector.

The total heralding probability P, admits a parallel perturbative expansion. Expanding
1/N=1—-p+o (pN) at finite truncation order N, regrouping by powers of p yields

N
Po=Y pBO+o(Y), BU=p0-PLY, pBGLY=0.  (B.25)
=0

The expansion is telescopic: each order extracts the increment in conditional heralding
probability when one opens a new photon-number channel. The first orders read

PO =P, (B.26)
A . (B.27)
P& —p2) — P, (B.28)

This structure is markedly simpler than the perturbative expansion of p..: the bare
probabilities IPE?,& enter linearly, with no Bayesian back-reaction. The reason is that P,
is a scalar trace, which depends only on the marginal heralding probabilities and not on

the relative weights of the sectors in the heralded state.
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Heralded state as a statistical mixture

The normalised heralded state is, by definition,

5Lnk (pini)

(B.29)
]PLnk

ank -

Substituting equation (B.25) and the sector-wise expressions, the factor 1/A cancels
between numerator and denominator, leaving
P

N
(4) N
poc=Y wipm+o ("), w= (B.30)
i=0 Yiop P

The weights w; admit a Bayesian reading: w; = P (i | H) is the posterior probability
that the heralded contribution originates from the i-photon sector, given the heralding
event H. The decomposition of equation (B.30) is exact within the truncation o (p).
Normalisation is manifest: >, w; = 1 by construction, so Tr[p..] = 1 identically and
at every order of the perturbative expansion. Positivity follows from the positivity of each

,OE,:Z and of each w;.

Perturbative expansion of the heralded state

To exhibit the hierarchy of multi-photon corrections, the weights w; are expanded in
powers of p. Introducing the relative heralding probabilities IP’Ena = Pﬁk/Pmk with ank) =1,
the weights read
p'ﬁp(')
w; = e+ 0 (™). (B.31)
]‘ +E] 1p]PLnk

The denominator is expanded as a formal inverse series,

Zp Ck + 0 ) Co = ]-7 Ck ZPEnk Ck— —J» (832)
Z] opj ]P)Lnk =

which directly captures the Bayesian back-reaction induced by the renormalisation of w;.
Reorganising by powers of p, the heralded state takes the compact form

Pokc = Zp ( Lnk ank + ZCZ kPLnk ank) ( N) . (B.33)

The first term ani pfﬁa is the direct contribution of the i-photon sector, weighted by its
relative heralding probability. The sum collects the dilution corrections: opening the i-
photon channel reshuffles the weights of all lower sectors, with the coefficients ¢;
encoding the resulting redistribution. Defining the dilution-corrected contribution of the
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i-photon sector as

ﬁfrﬁk = ALnk ank + Z Ci—k Lnk ank ) (B.34)

the expansion takes the compact form

P = Zp P +0 (V). (B.35)
The first orders read
Al = o9, (B.36)
pld =B (ol = o) (8.37)
Pl =B (pEfB o0 ) (BL)? (pEiB - pEEB) : (B.38)

The leading term is the heralded state of the vacuum sector. The first correction quan-
tifies the contamination by the single-photon sector, weighted by the relative heralding
probability IPEnlk) Higher-order corrections combine the direct contribution of each sector

with the Bayesian back-reactions encoded in the c.

The recurrence i B%) ¢, = 6, implies Tr [ﬁﬁfﬁ} = 1land Tr [ﬁfﬁ)k} = 0fori > 1:

the dilution corrections are traceless operators that redistribute weight across sectors
without altering the global normalisation, in direct analogy with central moments in
classical probability.

Perturbative expansion of the fidelity

The fidelity to the target Bell state [¥'+) inherits the same structure as the heralded state,
since it is a linear functional of p.,. Defining the sectorial fidelity

FO = (wt] pl)

oty (B.39)

linearity propagates the mixture decomposition of equation (B.30) directly to the fidelity,
N .
Fiw= Y wi F +o(pY). (B.40)
=0

Substituting the perturbative expansion of w; derived above, the fidelity takes the com-
pact form

N
~F.Lnk = sz jf.l_(r;blz +0 (pN) ) J:L(nk) IP:'Igr’ik Lnk + Z Ci—k II‘])Lr!::k) ‘FI_(HIT<)7 (841)
=0 k=0
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with the same coefficients ¢ as for the state expansion. The dilution-corrected sectorial
fidelities ") play the role of the 5"): the bare contribution B} £ is augmented by the
Bayesian back-reaction from lower-order sectors.

Case of a vanishing vacuum sector

The expansion above assumes IP’ESB # 0, which holds whenever dark counts are present.
In their absence, the vacuum sector cannot trigger a heralding event and IP’ESK) = 0. The
mixture decomposition of equation (B.30) remains valid, with the sum restricted to the
active sectors i > 1. The perturbative expansion then proceeds with the lowest active
sector as reference; redefining I@’Eﬁi = IPEQ/IPE”IB yields

Pk = Pl + pBE) (pﬁfk) — ) ) +0(p%). (B.42)

This regime corresponds to the standard DLCZ analysis, in which the leading heralded
state is the single-photon Bell pair and the first correction encodes the multi-photon
contamination.
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B.3 .One- and two-photon contributions to an elementary link

This appendix derives the contribution of the 2-photon sector for the perturbative study
of the elementary link state, fidelity, and heralding probability.

1-photon sector

Starting from the initial state
Ui)) = 5 (11100) + [0011)), (B.43)
the state ‘@bi(ml)> after the beam-splitter reads

|01) 4 |10) |01) —|10)
V2 V2

With a non-null dark-count dc,,,, the heralding measurement brings

0) 1) +11) 0) - (B.44)

L j0011) =y maklmanfind o0y 1)
oo S e LU
v2 L j0101) =% mokflaklrnd 0101)
k — Sl (1) |10)
(B.45)
L [1010) 2% malomafind |101)
o0 =) — mdi=gadtad |10) jo1) o
v2 — L 1100) % — masflaomad |110)
— —fasflaiia 110) |10)

The last arrow re-orders the modes |ma, ca, ¢, ms) — |ma, M) |ca, cs), helping for channels
mode factorization for the trace computation. The calculation leads to a 1-photon sector
contribution to the state such that

1

1 _ 1 + + - -
P = 1+ Kink Rink(1=Kink) ‘lpl > <\Ijl ‘ t ink (1—Fnk Rink) ‘\Ijl > <‘111 ‘ ’ (B.46)
’iLnk(lfﬂLnkRLnk) ”LnkRLnk(lfﬁLnk)
with a heralding probability of
]P)Er}k) = Kk (1 = BieRink) + BBk (1 — K (B.47)
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and a fidelity . )
Rink — RinkLnk

F = . (B.48
bk Kink (]— - HLnkRLnk) + RLnkRLnk (1 - ’{Lnk) )
2-photon sector
Starting from the 2-photon sector
2
Mm>> = L (]2200) + 0022) + [1111)), (B.49)
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the beam-splitter followed by single-click measurement leads to the kets

12200) T, Fuoe (1 = FunicltE) |2200)
2 2
1— 2
N Kink ( 2K/LnkRLnk) |20> ‘20>
- |2110> T, B Kink Bk (1 — FdLnkRLnk) ’2110>
2200) 25 ¢ V2 v ?
_ B (1 = FicRine) 20) [11)
V2
|2020> Tk ’ankR?nk (1 — K"nk) |2020>
2 2
/iLnkR?nk (1 — k) 120) |02)
10202) T, B (1= FinelE) 10202)
9 2
1 2
N Kink ( 2"{LnkRLnk) ’02> |20>
[0112) 11 KRk (1 — KiRink) ‘0112>
0022) 5, ¢ V2 V2 i . (b)
N Kok Rink (1 = Kk |02) |11)
V2
|0022> HLnk K;LnkRL2nk (1 — /‘/sznk) ‘0022>
9 2
2 _
R (1 = Fin) |02) |02)
[1201) iy, ek (1= FuRiEy) |1201)
NG V2
Kink (1 - /{LnkR%nk) |11> |20>
V2
1111) 2 X
_ |1021> II) ke . KLnkRgnk (1 — ’iLnk) ‘1021>
NG V2
o KVLnkRgnk (1 — HLnk) |]_1> |02>
V2

The last arrow re-orders the modes |ma, ca, cs, ms) — |ma, M) |ca, cs), helping for channels
mode |c,, ¢g) factorization for the trace computation. The derivation of the 2-photon
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contribution leads to the state

1 _ _
Pk = 1 + NLnk(17Ii|_nk)REnk+NLnk(171€LnkRLnk)RLnk }\1]12> <‘1112|
"iLnk(l_HLnkank)
1
+ W) (T

1 'ank(1*“LnkREnk)‘Hﬂnk(1*“LnkRLnk)RLnk
+ 1— R?
KLnk(1—FKLnk) Lnk
1
W) (U,
1_“LnkREnk)‘J"“Lnk(l_HLnk)REnk ‘ 2 >< 2 ‘
KLk (1= FLnk Bink) RBink

_l’_

1 + HLnk(
with a heralding probability

PEr?k) = % [iKLnk (1 - RLnkR%nk) + %HLnkRLnk (1 - KLnkRLnk) + %HLnkR?nk (1 - ﬁLnk)]
+ % [%HLnk (1 - RLnkREnk) + %K‘LnkREnk (1 — HLnk)] .

and the fidelity reads
Fo) =o.
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B.4 .Multi-link swapping

This appendix derives the state swapped in a multi-link repeater chain as presented in
section 1.2. The result is established by induction on the binary-tree depth d € {0,...,n},
with N = 2" the total number of elementary sub-links. In this appendix we do not
consider dark counts (dcs,, = 0), and we keep, a priori, an asymmetric swap operation
o # R to retain generality in the structure. The symmetric situation is then derived from
the general expression.

Induction setup

We aim to show that at every depth d, the heralded state propagated through 2¢ sub-links

reads
AD = (1= ag) [00) (00] + ag [T) (U], (B.52)
with the Bell weight oy following the recurrence
! (B.53)
Qg = , .
atlfl + 0‘54 Nswp
—_— 1 - ==
205 a8 2
and the heralding probability of the depth-d swap reading
d wi
POy = B2 [(2 = o) gy @y + 0y + ] (B.54)

where o;_; and of,_, denote the Bell weights of the left and right input states. Following
the 15t-order expansion of section 1.1.1, the initial elementary-link state is a pure Bell state
Pl = |+) (T+], so that ab = af = 1.

p

Initialization (d = 1)

The depth-1 swap operates on two pure Bell pairs p-, = p*, = |¥T) (U], which is exactly
the two-link configuration solved in equation (1.55) from section 1.2. Plugging oy = of =1
into the recurrence (B.53) gives

1 2 2 — Moy,
o) = = o l—qy = 2 e (B.55)
1+1_% 4 = Nswp 4 = Tswp
which recovers the depth-1 heralded state
2— W
Pl = == 100) (00| + o) (wt]. (B.56)

4 - nSwp 4 - nSwp
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Similarly, the probability (B.54) reduces to

W w 4 — w
Bl = B2 [(2 =) +1+1] = 77“’(4775"), (8.57)

matching the two-link result of equation (1.55) and completing the initialization.

Induction step

Let us assume that the depth-(d — 1) heralded states from both sides of the swap follow
the form of (B.52):

Pl = (1= ay_y) 00) (00] + aly_y |WH) (W],

R, (d—1) R R N\ St (B.58)
Pap = (1—af_1)[00) (00| + af_; [TH) (TF|.

We show that the depth-d swap produces a state of the same form, with « given by (B.53)
and heralding probability (B.54).

L, (d—1)

Expanding the tensor product pq,, ® pgv’v(d‘l)

o Yyields four contributions

, (d—1 ,(d—1
o™V @ phlY = (1 - aly) (1 - af_y) [0000) (0000]

+ay, (1—af_y) o) (Tt @ |00) (00|
+ (1 - 042171) 045171 ‘00> <00’ ® “I’+> <\II+‘
+ay_ab ’\If+> <\I/+‘ ® ’\IJ+> <\Il+‘ .

(B.59)

The action of the swap channel &, is computed term by term.

The vacuum-vacuum term |0000) (0000| carries no excitation and cannot trigger the
single-click heralding, hence
Eswp [ 10000) (0000|] = 0. (B.60)

The fourth term is exactly the two-pure-Bell-pair input solved in section 1.2.2, leading to

o [|09) (] 0 [0 (w7 |] = 2 em) ) 00 4 2wt (we| . @)

The second and third terms require explicit computation. Focusing on the second term,
the beam-splitter Ugs acting on the central memory modes gives

0100) + [1000)
) @100 :|—
[7%) ®00) 7

0y PRI 1) 4 1000)
2 )

(B.62)
Uss
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m m mL .
followed by the single-click POVM 1l,, = Rs,p g (]1 Rg,p A> which selects the

click/no-click event on the central pair:

Hswp, |0) (swp [01) + 0 - [10)) [1) + 0 - [1000) mm
2

-10010) .
Tracing over the central modes yields

Esup [ |TT) (W] ®100) (00]] = T’SW" 100) (00 .
By symmetry, the third term contributes the same amount

Esup [ 100) (00| @ [T (WF|] = m“W0m<oo

Summing the four contributions, the unnormalized output reads

d—1 d—1 Tswi
Eswp PSW(p ) b2y piwﬁ )} = % [(2 - 775wp> 04571 04571 + 04571 (1 - 0‘5—1)

+ (1= al;) oy | 100) (00)

Tsw
Fady ol B |0 ().
The trace of this expression gives the depth-d heralding probability

d Tsw
Pgw;)) = % [(2 = Nswp) gy 1 + gy +afy 4],

which recovers (B.54). Normalizing by ]P’gffg yields the heralded state

P = (1 — ag) |00) (00| + g [UF) (W],
with the Bell weight

Qg1 Q41 Mswp/2
pld

Swp

ag =

L R
2ag q 05 4
L R L R
(2 —mowp) gy @y +og | +af

1
T atag _ TNswp
2 aR +1 2

which completes the induction and proves (B.52)-(B.54).
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(B.66)
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Symmetric situation

We now specialize to the fully symmetric case where both inputs of every swap share the
same Bell weight, o, ; = af_; = ag—1. The recurrence (B.53) simplifies to

1

oy = ) (B.70)
! 1 +1-— Tswp
g1 2
Introducing 5; = 1/ay, this turns into a plain arithmetic recurrence
. Mswp
/Bd = ﬁd—l +1- 7 (B.71)

Using the initial condition 51 = 1/a1 = (4 —"7swp) /2 = 2 —1sw,/2 derived in the initialization
step, the arithmetic sequence sums to

— _ _ nSWp o - dnSwp
Ba=p1+(d—-1) (1 5 ) = (d+1) - == (B.72)
Inverting back yields the closed-form Bell weight at every depth d
1 2
g = = , (B.73)
(d—i—l)—dT;SWP 2(d+ 1)_d775Wp

which is the result quoted in equation (1.64). Note that the Bell weight decays polynomially
as O(1/d) with the chain depth, reflecting the linear accumulation of vacuum admixture
across successive swaps, rather than the exponential decay one might naively expect.
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C -Study of the full repeater link

C.1 .Distribution time

This appendix computes the time T required to entangle Alice’s and Bob's ions in the
context of dual-rail repeater link with 2-links chain. Let L, denote the length of a single
link, ¢ the speed of light in the fiber, and M the number of modes. Assuming the
heralding classical feed-back constitutes the bottleneck of the repeater click rate’, the
system attempts to distribute entanglement over a single repeater every? v = M - ¢/ L.
First, let's define the following events:

+ A: the two elementary links of a chain have been loaded
* B: both chains have been loaded

*+ C: the four-click heralding has been detected.

The ion rate is then expressed as

Ven =V -P(ANBNC)

(C.1)
=v-P(C|B)-P(B|A)-P(A).

At the repeater level, event A is true when both elementary links of a single chain herald.
Since the heralding of each elementary link occurs in parallel, the probability of loading
both links of a chain reads

P(A) = § P, (C.2)
where P, is the heralding probability of a single elementary link, and the 2/3 factor
stands as an effective loading time from the parallelization [13], called synchronisation
factor in the manuscript. Similarly, since entanglement propagation in each chain occurs

in parallel, the probability of loading both chains is

P(B|A)= g - Pepn- (C.3)

Finally, the probability of event C given B is simply P (C' | B) = Py,.

"This assumes ¢/ L, > Vo, Where vgy is the pair generation rate of an SPDC source.
2The total length of the repeater is L., so the light travels a distance L,,,/2, an additional L,,./2
is then needed for the heralding signal to return, hence a waiting time of L, /c.
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The total rate is therefore
92\ 2
Vipk = V <3) . IFclon . IP)Chn : IP)Lnkv

leading to the distribution time

180



C.2 .Strategy computation for the 4-clicks protocol

This appendix details the strategy used to compute the heralding probability IP,,, and the
fidelity F,,, for the 4-clicks protocol. We assume the two chains are loaded with the state
Pecnns €XPressed as a statistical mixture of orthonormal pure states p; = |1;) (¢;]. Using the
linearity of the trace, we show that F,,, and P,,, reduce to the computation of the fidelities
.Egi’j) and probabilities IP’l(fn’j) attached to each pair of pure states p; ® p;. The fidelity and
probability of the mixture are then derived as weighted averages of these elementary
contributions. To emphasize the role of the two-photon corrections, we finally expand
both quantities in powers of the squeezing parameter p.

Linearity

First, we recall that the final state shared by Alice’s and Bob's ions reads

1
Pion = — 1l [\/ T, Uss pchn @ Pehn UBTS V Hlonj| ) (C.6)

lon

where Ug is the beam-splitter unitary, I1,,, the POVM associated with the foour single-click
heralding event, Tr;, [-] the partial trace over the inside modes, and P,,, the normalisation
constant given by the total heralding probability. Given the decomposition

Pan = Y _ @i pi, (C.7)

the fidelity of the final state p,,, expands as

]:Ion - <\II+‘ plon
1
B ﬂ])Ion

1
P Z a;aj - <\IJ+| Tri, |:Hlon Uss pi @ Pj UJS} {‘Ij+> .
lon . .

),

o)

<\II+‘ Tri, |:Hlon Uss Pcin @ P Ugs} ‘\II+>

_pld) (5:9)

lon "Plon
Denoting by ]-"If,ﬁ’j) the fidelity of the pairwise state pl(ffn’j)
(U] Tr,, [H,on Uss pi ® pj UJS} T+
pd)

lon

F&D = (] o) [wt) =
with the pairwise heralding probability
]P)|(0Zr;]) — Trtgt |:H|on UBS Pz ® pj Ugsi| 9 (C.1 0)
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the total fidelity reads
7]) F( 7])

Fion Zazaj IOHIP’. o (C.11)

Similarly, the total heralding probab|l|ty is the weighted sum

]Plon Z aza] Ion . (C1 2)

Thus, F,, and P, are entirely determined by the elementary contributions ]P’,(on ) and .ng;j)
attached to each pair p; ® p;.

Expansion

Expending F., and P, in powers of the squeezing parameter p, the coefficients a; read
a; = a; + i - p+ 0 (p), yielding

aja; = ;o + (i + aifi) - p+o0o(p). (C.13)
The numerator of F,, then expands as

Pron + Fon Z i - P'(OZ’;] '0” + pz (aifj + ajBi) - P Ior;]) }—lg?f]) o(p)
Wi (C.14)

:~F'I<()n) +’Eg>n) p+o(p)7

where the barred quantities ]-"IE,’:)

denote the bare expansion coefficients of the numerator
P Fion- Note that these coefficients do not coincide with the expansion of F, itself, since
the normalisation P, also depends on p. This effect has been previously discussed and
corresponds to the dilution correction. Expanding P, = IPI(O(? + IP,(OIH) -p + o(p) similarly,

the fidelity becomes

]:Ion =

Fa | (Fa _ FOBL
Po  \P (B’

lon

)'p+0(p), (C.15)

and the probability
P = Pl + P -p+ 0 (p). (C.16)

Final result Putting everything together, the heralding probability and fidelity of the
4-clicks protocol read, up to first order in the squeezing parameter,

Po =P + P p+0(p), (C.17)
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(0) (1 (0) m(1)

‘F.Ion 'F.Ion 'F]on IP>Ion

J—"on_ + p+o(p)a (C18)
! IP)(O) (P(O) (]P)l(o(i))Q )

lon lon

with the expansion coefficients

} : (i.7) (irj) } :
Ion OQOé] IEDIon Ion ’ Ion ala] Ion 7

Fo) = Z(azﬁj+ajﬁz) P 0D, P&’:Z(aiﬁﬁajﬁz) Pl

4,J ,J

(C.19)

Note that we recover the general results of section 1.1.2 for the fidelity, with an explicit
expression of the 2-photon contribution and its associated dilution correction:

i (1) } (2) 1) w2
Fa) = F'ff) R . ] (€:20)
Ion ]Plon ]P)Ion Plon

The probability, on the contrary, does not carry any dilution factor, this is a direct
consequence of the assumption that the initial state from the repeater chains is already
normalized

pl) —pl)  p — p® (C.21)

lon lon
Also note that the zeroth-order coefficient of the fidelity is unity by construction: 5’:]()? =

]-“If,ﬁ)/]P’,(oln) = 1. This approach reduces the computation of F,, and IP,,, to the evaluation
of the elementary contributions IP’l(fn’j) and flffn’j) attached to each pure-state pair p; ® pj,
for which a closed-form expression can be derived directly from the beam-splitter and
heralding-measurement actions.
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C.3 .Modelling temporal-mode mismatch

This appendix derives general results to model partial photon-shape overlap. Concretely
the beam-splitter relation between two photons of mismatched shapes, and the shape-
independent detection POVM.

Beam-Splitter relation

The standard beam-splitter relation describing the interference of two photons assumes
that both photons share the same temporal shape. Denoting the spatio-temporal modes
of the two photons af and bf, this assumption means their modes coincide at the
interference plane, i.e. af = b' at that time, so the photons are temporally identical.
In this appendix we study the case where two photons with mismatched shapes interfere
at a beam-splitter.

Since photons with orthogonal shapes cannot interfere, we decompose b! into two
components>

« an interfering component b}, aligned with the shape of a', the reference mode,

* a non-interfering component bt orthogonal to af, the orthogonal mode.

This decomposition splits the shape of bf into a part matching the shape of af, namely bl
and a residual part orthogonal to af, namely bi. Algebraically, it amounts to projecting bf
orthogonally onto a' to get bl, then reconstructing b from bg and bl gives

af = ag,

(C.22)
b = V- bh+vV1—x-bl,

where z = [(0] a b |0>\2 is the overlap intensity between the photons, 2 = 1 when the
photons have identical shapes and fully interfere, and = = 0 when they are orthogonal
and do not interfere. Using the standard beam-splitter relations, the transformation

becomes ; ;
at B ao\;’;’o’
Tl Tyt (C.23)
b2z 200 i A
Ve Y 72

3Although o' and bt differ in shape, they are not necessarily orthogonal, which motivates this
decomposition.
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POVM element

Let us consider a non-resolving photon detector with efficiency n and no dark counts. The
POVMs respectively corresponding to a click and non-click event in a mode a' are given
by:

I, () = R,

! (C.24)
2 () =1 - R

where R = 1 — n is the losses associated with detection efficiency . Now we consider a
scenario with two input modes: the reference mode GI) and the orthogonal mode ah. Since
photons in ag and a}; have orthogonal shapes, we assume distinct detection efficiencies
no and n, for these modes. Thus, the POVM for the overall mode af can be written as
¢ = RMO“ . Rehan, resulting in a probability RY - RN» for a state [Ny, N,), composed of
Ny photons in a(T) and N,, photons in af,. Resulting expressions for the POVMs

H . a aéao alan
Non-click event: I, = Ry - Ry,
(C.25)

. 1— T
Clickevent: T =1 — RJ*" . Rinn,
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Non-resolvant
photon detector

Edge chain memory Metropolitan

[on memory

Long Distance Backbone

Figure C.1: Setup of the dual-rail full repeater with ion swapping. In the context of this
appendix, both repeater chains are loaded with a Bell pair and vacuum mixture. Once
loaded, the entanglement is swapped from the two chains onto the ion memories via a
4-click heralding protocol. Note we dropped the tilde on the mode notation for clarity.

C.4 .Shaping mismatch

This appendix aim to derive the fidelity and distribution time of the system, considering
a shape mismatch between the photons from the ion memories and AFC memories. The
following calculation only consider 1-photon contribution, focusing on the influence of
the mismatch in a symmetric situation zz = zz = z. Thus every optical mode can be
considered as a qubit space of dimension 2, and creation operator with power equal or
greater than two will be discard. For simplicity, we consider links chains and ions loaded
with pure state, thus we only track non-vacuum terms in the protocol since it cannot
trigger a heralding event, but one keep in head an extra dilution factor from the links-
chain and ions vacuum mixture ac,,» and «,,, on the calculation.

Initial State

Initially, the system is composed of 10 primary modes {EL, b, ,%,j}, and the associated

orthogonal decomposition {do,éo,--- ,%o,j'o} and {dJ_,lN)J_,"' ,ELJL}. See figure C.1.
The system starts with the combinaison of the two initial states from the ions, and the
two initial states from the links chain, thus

) = ﬂiﬁ +atel] - at+et] - [+ gt] - (A4 1 10 (C.26)
lon A ChainUp  Chain Down lon B
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Shaping and Beam-Splitter

Calling x and z the photon shaping mismatch respectively at Alice and Bob interface, the
beam-splitter relation leads to

- bl 4+ df bl dt
b — V- ot 0+\/1—$-¥

15 B.S: V2 V2
df —s L —dj
V2
T T T T
SV £ Y e
2" B.S:
o ch — f§
V2
(C.27)
_ hT 1
P 0\%60 —f—\/l—x-J‘\;;‘
rd .
3" B.S: _
SN
V2
F 3 T
=t \f,ZOWLgo — 1 t9)
1 — +vV1—=x
2 V2
4" B.S: V2
V2

Note we use the atomic ensemble shape as reference, for clarity the reference modes
{ao, bo, - - - 10, jo} will simply be written {a,b,---,j}. The BS transformation leads to the
state

A ) e (e )
X:b—dg&—e]..
2 V2 (C.28)
L V2 2
[ h+e  i+g hy+e . i1+4g1
(g e ) e (M e e )
Detection

We recall the expression of the POVM element associated to the ion swap heralding is

Moo= [ T (hn) T4 (1en) (C.29)
(a,B)€C
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with 7., the heralding efficiency and C = {(b,d), (c, f), (h,e), (g,7)} the set of click/no-
click mode pairs. At first glance, the action of II,,, on |¢)) appears non-trivial: II,,, acts on
eight distinct modes, while |1) consists of 8 x 4 x 4 x 8 = 1024 terms. However, I, |¢)
contains mainly null terms, which significantly simplifying the calculation. Specifically, for
i =0, 1, the action of II and II; on |7) yields

Reference mode:  II;|i) =1 — (1 —ne)’, Mo li) = (1 — Nion)’, 30
Orthogonal mode: 1L |i) =1 — (1 —n.)",  Io|i) = (1 —n.)" (€30
This a direct consequence of neglecting dark counts. Thus, since the POVM element II,,,
clicks for the modes b1, cf, hT, and if, the non-zero terms in II,., [¢) are the states storing
one excitation in each of these modes, or in their respective orthogonal modes. For clarity,
here are few examples of terms that yield zero and non-zero outcomes when acted upon
by I1,n:

I, - bfethtit — ot bfethtit All modes b, ¢, h, i are present
(orresp.bi,ci,hy,i1)
I, - bl htil — 2k ?vich ntih Allmodes b, c, h, i are present
. (C.31)
(orresp.bi,ci,hy,i1)
I, - blhTiT — 0 Mode c (or ¢, ) is missing
II,, - aTchideTil — 0 Mode h (or h ) is missing

|dentifying these zero terms reduces the number of non-zero vectors in I1,,, |¢) from 1024
down to 8. Yet, all 1024 vectors must in principle be evaluated to identify the surviving
ones. The method outlined below provides a systematic approach to this enumeration.

Non-Zero factors

Since equation (C.28) is composed of four factors, a convenient strategy is to track the
modes b, ¢, h, and i from each factor and reconstruct the four-mode product bfcthtif, or
its orthogonal counterparts. Listing all admissible modes in each factor: {b,d,b,,d,} in
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the first, {b, h} in the second, {c, i} in the third, and {h, %, h i, } in the fourth,

D N R A W | LYY R on o it

_ﬁ( 2 +a- NG +V1—z NG +a- 3 <— b,d,b,d,,

@\/_ngr\/;e — b,h,

\/_§f+\/_§g] — ¢,

o ([a]e iy halter o lia]to o
) 1_ . )

\/5< NG + 5 72 +vV1—=z NG + 3 NG < hyi,hy, iy

(C.32)
For instance, one builds a non-zero term by picking b from the first factor, h from the
second, ¢ from the third, and i - j from the fourth, yielding the mode combination
bTcThTiljT, with coefficient <& and POVM term n? . Iterating this procedure enumerates
the eight combinations of non-zero terms, along with their coefficients and POVM
contributions. Table C.1 summarises the eight resulting terms. The column factor lists
the mode combinations built from the four factors as described above, the column
coefficient gives the weight of the associated vector in |¢), the column POVM reports the
eigenvalue of I1,, on that vector, and the column ion indicates the ion mode involved in
the combination. For instance, the previous example Il,, - & - bicthliT T |0) = ni - L -
bicThlit5T|0) corresponds to 7l for the POVM term, Z for the coefficient, bfcThfif for the

' 16
combination, and j for the ion.

Trace and state

At this point we have identified all the non-zero vectors of Il |¢)) with their associated
coefficient, POVM terms, and ion's mode involve. The last step of the calculation aims
compute the partial trace Tr,, [IL,, [¢) (¥|]. As the trace Tr,, is over the inside modes
{b,c---h,i}and {by,c; ---hy,i;}, we need to factorize the sum regarding those modes,
otherwise we might miss cross terms. The jon column of table C.1 shows that only the
15t and 5™ non-zero terms involve the same inside modes (the modes ¢, b, 7, h), where the
others terms involve distinct inside modes. Finally, squaring the coefficients and spotting
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15t factor 2" factor 3" factor 4™ factor

Coefficient POVM term lon involved

b,c,by,cy b, h c, 1 h,i, hy, i,
1t b h c i +.x ne Mode j
2nd b h c iy Lo Va@l—2) -k Mode j
3rd by h c i el —z)  nd -0 Mode j
4th by h c il = (1-u2) n2. - A:_%vw Mode j
5th c b i h L ne Mode a
6t c b i hy = a(l —2) nont Mode a
7t cL b i h = a(l—2) nonk Mode a
gth cL b i hy =-(1—x) nE - As_%vm Mode a

Table C.1: Summary of all the 8 combinations built from the modes b, ¢, h, i or their respective orthogonal modes, representing
the non-zero terms of IT|¥). The coefficient column corresponds to the associated coefficient of | ), the POVM term column shows
the eigenvalue of II from the associated vector, and the jon invovle column shows the ion’s mode invovle in the combination.
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the ion’s mode involve for each terms, we get the matrix terms

Moo~ 125 - (a+J) - bhei — (le.g) +19.)) ({e. 9l + (g. )
Monllin ‘/76(125_6:5) j - bheit e lg,€) (g,¢l
Mol 96(125_690) +j - bihei — g.¢) (g,¢]
Mo (min)Z : (12_5?2 jrbihein < |g.e)(g,e|
it N2 o ahin, — le.9) (e.9
Mol W-a-qbih e le,g) (e, gl
i () S acbin, e feg) (el

Leading to the partial trace

2
o nén’mQ + 2”7I§m”7lg)_nx(1 - :E) + nl?)n (né_n) (1 - :L,)Q

Try (Moo - ) (1] = e - ((101) (01 + 10 (10] ) - -

(\01> (10| + |10) <o1y)

4 .2
nlon‘r .

* 256

(C.33)
calling § = 1o, — 15, the mismatch between the reference mode and orthogonal mode,
we notice the equality nt = + 2n2 ntx(1 — z) + n2, (17,#)2 (1—=z)?=n2 (N +a- 6)2,
leading to a the lon-lon density matrix

0 0 0 0
2 2
0 1/2 — o™
Pron = o (”'ij“s) . (C.34)
2 (nén —i—x-é) ° /
0 0 0 0

Probability and fidelity

We recall the POVM element 1I,,, actually represents on 1 of the 16 possible event. We

also recall the initial state from the ions and links chain are actually loaded with a vacuum
2

lon

component, which bring a dilution factor o2, and o2, to the final results. Finally the ion

swap probability event reads

2 1 2
: +z-0
Plon — Oéghn Oéin nlon (nlon8 ) ,

(C.35)

191



which heralds the state

Pon = (; + :2; 5)2) W) (s
o o (C.36)
) e
leading to the fildeity
Fp = L Ton 2 (C.37)
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C.5 .Shape-independent construction of the photodetection POVM

This appendix constructs a POVM describing the click and no-click outcomes of a non-
resolving photodetector. The construction holds for any continuous family of non-
orthogonal spatio-temporal modes {ai,}, regardless of the shape ~ of the incident
excitation. Let's introduce an orthonormal basis {a, }, satisfying

[, api] = 6(v — ) 1. (C.38)

Kets and operators written in the basis {c, }, are indexed by v, while those written in the
basis {aﬂ,}v are indexed by ~. Thus, for any shape v, the mode al decomposed as

= /Pw(u) of dv,  with /\PW(V)F dv=1. (C.39)

As we work in the single-excitation subspace, we look for a POVM element acting non-
trivially on Span {a |0>} . Concretely, for any shape « and any single-mode Fock state
7)., with i € {0, 1}, we want

Mo |i)., = (1 = 1hen)" )., - (C.40)

We propose the candidate
N
Iy = R, (C.41)

where R,,, = 1 — 1, Let's show such an operator satisfies the required action on the
single-excitation subspace. Consider a state [1), = c@ |0) carrying one excitation in an
arbitrary spatio-temporal mode ai, = [ Py(v) o), dv. The action of II; on this state reads

My 1), = RL*% ot o)
I{nauozydl//P V’()

:/Pw(u) RLE Y 1y gy

= /P,Y(I/) Ry, 1), dv

= Rmn/Py(y) o, |0) dv
— Rlon |1>’7 .

(C.42)

The third line uses the fact that [1), = a) |0) is an eigenstate of the photon-number
operator [ ozi,ayl dv/ with eigenvalue 1, and therefore an eigenstate of I with eigenvalue
Ry.,. The vacuum |0) is similarly an eigenstate with eigenvalue 1. This shows that IIj acts
diagonally on Span {al |0>}V with eigenvalue R, regardless of the temporal shape ~ of
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the incident excitation. Finally, the pair

;
No-click: Il = R{nauaudllj

t
Click: Hl -1 — Riﬂauaudy’

(C.43)

forms a valid POVM describing the click and no-click outcomes of a non-resolving pho-
todetector, valid for any spatio-temporal shape ~ in the family {a., }.
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D -Exact study of an elementary link

D.1 .Derivation of the state

The derivation of p, proceeds in four steps: the joint state of the two SPDC sources
pasc @ pB.., the mode mixing on the beam-splitter Uss, the action of the heralding POVM
I1,, at the central station, and the partial trace over the central modes ci and cl:

1
Pk = N Treacs [\/ I - Ugs - péDC & PSBF’,DC : Ugs V HLnk:| ) (D.1)

with A the normalized constant.

State from the SPDC sources:

The state generated by a single SPDC source on modes a, b reads

Uite) = V1—p-exp (Vo a'bt) 0as). (0.2

so that the joint state of Alice’s and Bob's sources is

Psoc = |Veppe ™) (Yepne™| @ [Psmc ®) (smoe

= (1=p)(1 = pa) - exp (Vaamlel + vpacmd) 0) (0 exp (VEnmaca+ v/pscams ).
(D.3)

State after the beam-splitter:

The 50/50 beam-splitter mixes the central modes ¢, and ¢z through the unitary map

Ca 1 (1 1) [ea
() sl )6

Applied to the SPDC exponent, this gives

Ca 1 Cs Ch—Cs ¢

Pamich + /s ciml =5 /pam] 5 TVRT e m

:(mT mf)ix/ﬁ NZRAYE!
Y Ve s —vs) \d)

M
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leading to the post-beam-splitter state

pos = (1= pa)(1—ps) - exp [(mT mb) M (Z:)] 10) (0] exp [(m ms ) M (2)] . (D.5)

B

POVMs and measurement:

From section A.1, the POVM elements associated with the no-click and click events on
mode a, for a photon-detector of efficiency n and dark-count rate dc, are

11§ (n,dc) = K - RaTa,

(D.6)
%(n,dc) = 1 — k- R*'®,

where R =1 —nand x =1 — dc. The heralding event at the central station corresponds
to a click on mode ¢, and a no-click on mode ¢ (or vice versa), SO

1
ank_N

Expanding the click POVM yields

TFepcs [HiA(Tank; dciw) ® HSB (Mink> ACii) - pBS] . (D.7)

1 i 1
Pk = N Treqcq [(1 — Rink Rfﬁﬁ) & Kink * anBkCB : Pss}

Rink CECB K’%nk C/KCA CECB
TN “Trepes [Bin - pos| — N “Treges [Bid Bine - pas| - (D.8)

Trace computation:
i
We first focus on Tre, ¢ {RfﬁfB : sz] . Using the cyclic property of the trace,

che cleg/2 cleg/2
TrCA:CB [RLEkB 'PBS} - TrCA,CB |:RLr?kB/ ' |¢BS> <¢BS’ ' RLEk o/ ] . (D,9)

The identity a:“Taf(aT) = f(z aT)xaTa scales ¢} by /R and annihilates the remaining

{ca/2
R=%/? on the vacuum:

t t t
cyes/2 i 1 Ca . ¥ t Ca
RE" " exp [(mA mB> M <c;>] |0) = exp [(mA mB) M (\/mcg

which defines a new matrix M,:

T T
+ + Ca _ 1 + i NN VPaRik Ca
(mA mB) M (m@) (mA mB) V2 <\/ps —VDeRim ) \eb ] 11

Ms

CTC
RLr?k 8/2 ’Q>7
N———

=10)

(D.10)
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We now exploit the singular value decomposition (SVD) of M, to diagonalize this bilinear
form, then use the basis invariance of the trace to simplify the partial trace. For a 2 x 2
matrix, the SVD M, = UJZVJ provides

U, — c9s«9 sind s o+ 0 V. = c95¢ sing ’ (D12)
sinf —cosé 0 o_ sing —coso
with U,, V,; unitary and X diagonal. Applied to M,, this gives
_I.

(mi mg) M, (Z’;) - (mi m;) Uiz, <Z‘1‘> . (D.13)
B B

The unitarity of U, and V,, defines the rotated modes
+ +
(mg> - UU ' <mA) <CJ> - Vj . <CA) ’ (D'14)
mO’ Mg CO’ Cg
so that

:

RE ) = V1= ped/T=pe-exp |oum el ey m M 10). (©19)
Since the rotated modes mutually commute, the corresponding density operator factor-
izes:

T T
RECP - pos - RE = exp [owmi e (0) (0] exp [omy f] @

po

(D.16)
exp [a_c;Tm;T} |0) (0] exp [o—c; m;],

Po_

up to the factor (1 — p,)(1 — ps). The Fock space generated by cf, ¢} is stable under the
unitary mapping to et ;7. sothe partial trace can be taken in the rotated basis:

o ' o !

CT CcB

Tregee [RLEK -pss} = (1 =pa)A=ps)-Trg [po, ] @Tr [ps_]. (D.17)
From section A.2, the partial trace of a two-mode squeezed state yields a thermal state:
(1—22)-Try [exp (x : aTbT) 10Y (0] exp (z - ab)] =% (z), (D.18)

where p& () is the thermal state on mode a with average photon number 7 = 22 /(1 —
x?). Applied to both factors,

1 1 -

+
ﬁﬂ?ﬁé’rm (04) Tr- [Pa_] = ?Pﬁém (0-), (D.19)

Trcj,' [pU-O—] = 1 ol 1
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giving the first term of Equation D.8:

(1-pa(1 —pB)
(1-02)(1-0%

i it -
Tropes [RE:EB p] - ) i (02 P (0-).

T T
The second term follows the same logic. Since RA™ and R commute,

fea/2 2 o
Rfr?kcA/ fr?kCB/ WBS V1—pa/1—ps-exp {W-chjTCIT + W—Cmew T] ’Q> )

where wy and m}, m, ¢l ¢ are the singular elements of the matrix
Rn T 0 +1
(b mb) X (VP V() = (s ) (5 ()
V2 \vps ) \d 0 w ) \c
M.,
leading to

A (L=p)d—Ps) 5
Treges [RfﬁkCARfEkCB : pBSj| = 1- wQA)(l — wB ) P (W) @ Progi (W) -
Jr

Combining both terms gives the shared state, up to normalization:

Pk = Ij{;—k [(gl_fjig 02)) pThetm (04)® PTherm (0-)
(
1-—

1—pa)(1 PB) md, my
)(1 — ) P (W) @ Prosrn (W) |

—Rink (

where N = Tr [p..] is the normalization constant.

Normalization:

The trace of the unnormalized expression yields

1 Kink
1-02)1-02) (1-w?)(1-w?)

N = K - (1 _pA)(l _pB) (

Introducing £ = Ko -

2N 2
(1202 )(177°) the normalized state finally reads
+

(1-w?2)(1-w?)’

1 §

+ -
Pk = 1_ f pTherm (J+) ® pTherm ( ) - ﬁ ’ p;ﬁewrm (U')Jr) ® pﬁ;m (w*) .
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D.2 .Fidelity of the elementary link to a Bell pair

This appendix derives the fidelity 7., of the heralded elementary link p_, from the exact
modelization. The starting point is the exact state derivation of the state from section D.1,

concretely
s = T P (04) © i (0-) = T i (01 9 i (0), (020
with p ... () the thermal state on mode a
Perm () = (L= 2%) > (2)" n) (n, , (D.28)

n

and £ = (1 —dcy) - M The fidelity is defined as Fic = (¥ pio [P T), with the

(lfw?‘_)(lfw )
single-excitation Bell pair
i T
my+m
oty =2 __"F10). D.29
‘ > NG 0) ( )

The heralded state p, is diagonal in the collective modes mﬁf and mZ, defined from the

SVD
mi\ oo () Z Y2 [ma
my % \me ) DI I mg |’
mb\ oo (M) QF QF\ [(ma
ms ) Y \ms)  \Qr Q7 ) \mg)’

The fidelity therefore requires expressing |¥*) in the rotated bases. From the orthogo-
nality of U, we have U} = UL, thus

(D.30)

mi=Stmit+somyt, ml = Simdt 4+ somoT, (D.31)
thus the Bell pair becomes is a delocalized single excitation over the two collective modes

) = \}5 [(21 + 35 (1,5 10),- + (S5 +35) 0),,.4 \1>m;] . (D.32)

From the decomposition of Equation D.32, the contirbution of the ¢ term of the state p,
to the fidelitys is
+ —
Fo = (VT pran (04) © Pl (0-) [TTF)

S+, Cr+5) ©-33)
= 5 PlO t P017
2 2
where
. + . . = .
B = (il Pvém (04) [0) it Gl prioéien (0) 1) 0 - (D.34)
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From the expansion of the thermal population from Equation D.28, we have
<1‘ pTherm (.f) ’1> = (1 - 332).%'2 and <0‘ pTherm (:U) ‘O> = (1 - .’IJ2>, hence

Ph=0i(1-0})1-0%), Pg=0c2(1-0})(1-02), (D.35)
giving
1-02)(1—02
Fo = ( J+)2( o) [(ZF 4+ 55)%0% + () + 55)%07]
, (D.36)
2 1— 2
£ =4 “+)2( w2) [ + ) 2w + (4 + Q)22
The previous calculation finally gives
1
Fue = 5z |1 = 03)(1 = 02) ((BF + S22 + (55 + 57)%02)
2(1-9) (D.37)
—€(1-w)(1 - ?) (O + 0% + (O +05)%?) |
For readability, we introduce the thermal envelopes
Cr=(1-02)1-02), C,=(1-wl)l-uw?), (D.38)

so that ¢ = (1 — dc) C,/C,,, together with the Bell-pair overlaps onto the collective

modes
(CE+SE? (O 405
2 = 2
The orthogonality of U, and U, enforces S, + S_ = 1and W, + W_ = 1. The fidelity
then compacts to

St = (D.39)

Cy Co
P = o de O [S+ai +8 0% — (1—dey) (Wiw? + W_w?) ] (D.40)
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D.3 .Derivation of the displaced local probabilities

The entanglement witness of section 3.3 is built from the displaced local probabilities
IP’fZC (a, ), the joint statistics of a click/no-click measurement on Alice’'s mode m, displaced
by a and Bob’s mode m; displaced by 8. This appendix derives their closed form on the
heralded state p, ., of equation (3.4). The derivation proceeds in three steps: the displaced
POVM elements are expanded by linearity of the trace into a few elementary traces, these
traces are evaluated on a generic thermal toy state, and the result is mapped back onto
the two thermal components of p .

Displaced POVM and trace expansion
The displaced local probabilities read
P (o, B) = Tree | I - D (a) D (B) - puuc - DT (a) DT (B)| (D.41)

with i,7 € {0,1} the no-click/click indices, p.. the normalized heralded state from
equation (3.4)

1 +

¢ Prnerm (04) @ pram (0-) — T—¢ Proeim (W) @ Progim (W) , (D.42)

ank -
and Hfﬁc the POVM elements of the two non-photon-number-resolving detectors. Denot-
ing m, (resp. mg) the detector efficiency on Alice’s (resp. Bob's) side and R, = 1 — 1,
Rs = 1 — 1 the associated losses, these elements are

i T
AT, mpmm
=R, A" Ry 1o

) Loc

HOO

Loc

HE&—RZ"ZW-@ RmBmB>, i = <11 RmAmA) (11 RmBmB>

= (]1 RmAmA> (R
(D.43)

By linearity of the trace, expanding the four eIements reduces the computation to three

, R, A 1,and 1 R o on the displaced
state. The state p, is itself a mixture of two thermal terms, IOTherm (01) ® pie(o-) and

mBmB mAmA

mt
elementary traces: the action of R, *""* R,

+ - : .
pre (w4) @ pre. (w—), so we evaluate each trace on a single generic toy state

po = p'?herm (.’L'a) ® p‘ll?herm (l'b) ’ (D44)

with mean photon numbers n, = 7i(x,), ny, = 7(x3), and rotated modes @' = daf + 7bf,
b = 7ol — b with 1612 4 |7|* = 1. The two thermal components of p,,, are recovered at
the end by specializing (x4, xp, 6, 7).
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Action of Ra'eRb'b
We start with the two-detector term on the toy state,
Tr[B2“RY D () D (8) - po - D () DI (8)] . (D.45)
Using the cyclic property of the trace, we symmetrize the loss operators
e[RRI D (@)D (B) - po - D () DT (8)- RUPRI] . (D46)

This form exhibits four steps: express pg in the coherent-state basis, apply the dis-
placements, apply the loss operators, then trace over the modes a,b. We define the
intermediate states B

P0 = Plerm (Ta) @ Ploern (3) 4

pr=D()D(B)-po-D' (a)D'(8), (D.47)

_ pata/2 5bTo/2 ata/2 Hbib/2
P2 = Ly B T P1 LT B -

Expression of p,:  Using the P-representation of the thermal state,

1

m2ngny

2 2
po = //<c2 e~ el /ma=l™/m 1y ) (v, o] 020 APy (D.48)

The coherent states |v,,7s) live in the rotated modes @, b, while detection and displace-
ment act on a, b. Applying the mode-switching identity of appendix D.4,

|6 S Yay b)) = € a: 6yy + TV, b Ty — O), (D.49)

so, writing w = §v, + 7y, and v = 7y, — dy, the toy state in the a, b modes reads

1
/ / eIl ma=Fwl /b 10y Y (o ] A2y A2 (D.50)
alb Cc2

0 pr—
p m2n,

Expression of p;: The displacement operators commute with the integrals, so their
action reduces to a shift of the coherent-state labels,

D(a)D (B) |w,v) = |la+w, B+v), (D.51)

leading to

1

T2ngnp

p1 = // e~ al*/ma=lwl*/my la+w, B+v)(a+w, B4+v|d*y,d>y,. (D.52)
C2
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Expression of p,: The action of a loss operator on a coherent state is given in
appendix D.4

RE2RYY? |y, vy = e~ (Bl 0l?)

R, u, \/Eu> . (D.53)

Settingw’ = VR, (e +w)and v/ = VRg (B + v),
1

m2ngny

o 2 _ 2 _(nA 2, M8 2
Py = // e Pl maul®/m = (Blackl HB184) |40 1) (o | g Py
((:2

(D.54)

Trace of p;:  The final step traces p; over the modes a,b. Assuming the sum and the
integral commute, the Fock-basis trace of a normalized coherent state gives

> |G
1,5

o P =1, (D.55)

so that, recalling w = §v, + 7y and v = 7y, — Y,

1

2N

Tr [pe] = // o 1al?/na—lwl?/ry | o= ("B latvatTys 2+ B 1B+Tva—07]) A%, d2, .
(CZ
(D.56)
Evaluating the Gaussian integral of appendix A.3 with a = 1/n,, b = 1/np, ¢ = n4/2,

d = ng/2 yields

1 o 2 2
i oo [ 5] [ ] e ]
(D.57)
with
I'= (1 + ”a(nA52 + 7757'2)) (1 + nb(UA7'2 + 77852)) — NgNp 527'2(m - nB)Q. (D.58)

We denote this quantity f, an eight-variable function with four arguments characterizing
the link (9, 7, z4, xp) and four characterizing the witness («, 5, 1, 7g),

f(avﬁan/hm%év T, xa,l'b) =Tr [PQ] . (D59)

Action of R?'® . 1 and 1 - Rb'®

The single-detector terms follow from f by a limit. The loss operator is diagonal in the
Fock basis,

aTa _ n _ _ H aTa
R —anR [n) (n], H—anlm (n] = lim R, (D.60)
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SO R‘jT“ -1 =limpgy—1 (R;\‘T“Rg”’>. Assuming the trace and the limit commute, the single-
detector terms are obtained by setting 7, — 0 (resp. n, — 0)in f,

Tr[R-1-D(@)D(8)- po- D (@)D (8)] = £(,8,m0,0,0,7,0,1),

) (D.61)
Tr 18D (@)D (B) - po- D' (@) D' (8)] = F (@ B,0,m6,8,7. 70, 5).

Assembling the probabilities

We now piece the elementary traces together. Expanding the POVM elements of equa-
tion (D.41) in terms of the three computed traces,

T T
MAMA 5MgMB
RA RB I

% —

Loc

HOl _ ]l Rm mB o R;n;mARmJémB

o ) (D.62)

0 = RA™A .1 — Rm "Ry
- A

Loc

mBmB

mBmB mAmA mAmA ml mB

Il =1-1-R; R.®

Loc - R, -1+ R,

The toy state pg maps onto the two thermal components of p,, (cf. equation (3.4)) through

m+ .
e (o) ®@pmen (=) — powithz, =04, zp=0_,
Pneem (74) ® P (0-) p o =0y (D.63)

+ .
P (i) @ e (wo)  — po With &g = wi, @ = w_,
with (9, 7) fixed by the rotation matrices U,, U, of equation (3.4). Exploiting the Alice/Bob
symmetry, we collapse f into reduced functions indexed by the singular component, o or

W,
f(a767nA7n8767T70+70—) — gO' (047/8777/-\7773)7

f(aalgvnmov(i T, U+7U—> — h? (aanA) 3 (D64)
f(a,ﬂ,O,TIB,(S,T,O'Jr,O',) — h? (/85778)7

and likewise ¢g“, h* for the w component. With the normalization P, written through
¢ =(1—dc,) Cy/C,, the displaced local probabilities read

IP{]ooc (CK,B) = Tigga (0475;7%778) - ffggw (%577%7778)7
I[D(L)olc (avﬁ) = Tig :hg (67778) _go— (avlganAvnB>] - %,5 |:hw (67778) - gw (0475,7%775)]7

P&ooc (avﬁ) = lil.f :hg (a777A) - gU (a7/8777A777B)i| - 1%5 [hw (a77]A) - gw (0475777/“773)}7

PLL (0, 8) = tie |1 = A7 (ayma) = h7 (B,16) + 9 (B, ) |

- ffg[l_hw (04777A) _hw (B7”B)+gw (avlganAunB)]'

(D.65)
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The reduced functions inherit the structure of f,

o _ 1 RGN a2 _ﬁ(0—>77A778 2 _UA’OZ‘Q +?73‘5|2
g (0%5;77;\7778) - Fg exp |:_ 2Fg ‘O& ﬁ| :| eXp |: QFQ |Oé +6‘ eXp Fg ’

. 1 nlal?
h (a,n):theXp - Fh y

(
withT, = (1+m(oy) 258 (14 7o) ) — (2218) > and Ty, = (1+7(0) 1) (1 +
(g)z’ and gw, hw Obtained by o4 — W4,
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D.4 .Useful coherent states indentities

This appendix gives general results on the representation of coherent states in the Fock
basis, used for the derivation of the displaced local probabilities of appendix D.3.

Mode switching

Here we aim to express a two-mode coherent state in a rotated basis, i.e. to find a, 3 such
that

laza, b:f)=la:a b:f), (D.67)
with the unitary mode rotation
al =d0at +vbf, b =—vat 1570, 0P+ =1, (D.68)
whose inverse is at = ¢*a — v b, bT = v*al + 5 b1

Since the modes commute, the displacement is a single exponential of the generator,
D, () Dy (B) = exp[aal + Bbl —h.c]. Injecting the inverse relations and collecting
terms,

ad + 80 = (FFa+vB)al + (—va+68)bT, (D.69)

so the generator is that of D; (&) D; (3), with no phase ([af,b] = 0). The vacuum being
common to both bases, we get

o a=d6a+rv*g,
|a:a,b:ﬁ>:‘d:d,b:5>, (D.70)
Action of R%'“ on a coherent state

First we compute the action of 29" on a coherent state o),

vn!
S 2D PR
=€ —T N
n vl (D.71)
o | za® _ |wal? (zar)
=€ 2 n
2



. _q)la?
Hence, using the equality z4'@ la) = ellal®~1)%5 |za), we get

ala _af ala T
R2°R'Z |o,8) = R o) R |B)
o2 a2 (D.72)
= IR0 IR0 |V Ra, VRS).
Finally, using R — 1 = —n, we get
R%* . R la, B) = e~ 3 (1 +187) | \/Ra, \/§6>,
(J.T(J.

R 1|, §) = e~ 3lof ‘\/Ea, 8). (D.73)

T
1R Jo,8) = e 31 |a, VRB).
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D.5 .Perturbative coincidence probability

In this appendix we derive the local coincidence probability P2, and P2

Coinc Coinc

required for
the evaluation of the Cauchy Schwartz innequality. This probability corresponds to the
joint click on the two output modes m; (Tom) and my (Jerry), built from the output of a
50/50 bem-splitter placed after the memory’s mode m, or ms. In the calculation below, we
derive such a coincidence in a low-pump perturbative regime, up to the 2-photon sector.

Setup and context

We first notice the setup is symmetric between the two hubs, thus Alice’s coincidence
probability P2 follows the same derivation, up to the substitutions side efficiencies

Coinc

dcs,ma — dcg,ms. We thereofre focus on Alice’s side m, with the derivation of P¢ .
As usually done in this manuscript, the modelization of the losses and dark-count have
been pushed to the POVM element, consequently the efficiencies 7,7, and dark-counts
dcr, dg carry together the detection setup measuring the coincidence and the loss and
dark-counts of Alice’s memory itself n, and dc,. For clarity, we here assume symmetric
situation n; = 7, = ny with no dark-count d¢; = dg = 0, as including these quantities
does not require much more work while weighthing the derivation. The coincidence is
heralded by a click on both beam-splitter outputs m; and m,

Py = (I () T (1)) (D.74)

pLnk ’

mi my

with II7"" () = 1 — Ry, " the click POVM on mode m; (cf. section A.1), and similarly on
m,. For clarity we call Ty, = TI"" () T1}? (1y)).

Second-order expansion

Since we do not consider dark-count, the joint click requires at least one photon in each
output, hence at least two photons in m, is needed. The 1-photon sector therefore does
not contribute: inthe low-pump regime p.,, = |¥*) (¥+|+o0 (p) carries a single delocalized
excitation, giving P% .. = o (p). The witness must thus be evaluated at the 2-photon sector,
which requires the second-order expansion of the SPDC state. We recall the 2-photon
sector carries the state

‘wi(n?>> = = (12200) + 0022) + [1111)). (D.75)

We propagate the three kets through the central beam-splitter, then weight them by the
heralding POVM II,,,.. Recalling the two-photon beam-splitter relations

s V/2]20) £ 2[11) + /2]02) 65 |20) — |02)
20), 02) = 275 , |11>—>T, (D.76)
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the heralded weights of the three components are

112200) (2200] 222 1(1 — R2 ) = Mokt
[2200) = < L |2110) (2110] 2%, 1RLnk(1—RLnk) = mnlloma) ()
112020) (2020] 2%
110202) (0202] Mty M) o
0022) = %‘0112> (0112] i nLnk(lgnLnk) (b) )
110022) (0022 ok
1_[Lnk

11201) (1201 1_32n — Mok (=)
1111) = 7 [1201) (1201] =5 5(1 ~ Riy) : ©

1]1021) (1021 —% Mk,

Only the component (c) leaves a photon in each memory mode m, and mg, the configu-
ration relevant to a coincidence in ma.

Coincidence probability

Ajoint click on my, m, requires at least two photons in m, before the beam-splitter. Among
the heralded second-order components, only (c) populates m, with a single photon and
the others with two, so the only term feeding two photons into m, are the two kets from
(a). The beam-splitter followed with the coincidence POVM leads to

II
1120) (20] =
2) = $ Ly ) 22 (D.78)
II
1102) (02| =

Collecting the heralded weight of (a) and the local coincidence weight

L5 (4 — 3n00)
A Ty TS OThk)
P oine P 9 1 , (D.79)

where the factor 1/P,, is the elementary-link normalization as the coincidence is mea-
sured once the state has been heralded.
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D.6 .Exact coincidence probability

In this appendix we give a non-perturbative derivation of the local coincidence probability
P2 and P¢

Coinc Coinc

required for the evaluation of the Cauchy Schwartz innequality. As in
appendix D.6, this probability corresponds to the joint click on the two output modes
my (Tom) and my (Jerry), built from the output of a 50/50 beam-splitter placed after the
memory's mode m, or me.

Setup and context

As before, the setup is symmetric between the two hubs, thus Bob's coincidence proba-
bility P2 ;.. follows the same derivation, up to the substitutions side efficiencies dc,, 7, —

Coinc

dcg, ng. We therefore focus on Alice’s side m, with the derivation of P2___. The modelization

Coinc*
of the losses and dark-count have been pushed to the POVM element, consequently the
efficiencies nr, 7 and dark-counts dc;, d¢ carry together the detection setup measuring
the coincidence and the loss and dark-counts of Alice’s memory itself, , and dc,. For
clarity, we here assume symmetric situation n; = 7, = 7y with no dark-countdc; = d¢; = 0,
as including these quantities does not require much more work while weighting the
derivation. We call I, = M}" (ny) II}” () the coincidence POVM, with TI}"" (1)) =

t
mymr

1 - Ry the click POVM on mode m; (cf. appendix A.1), and similarly on m,.

Strategy

This derivation fold the heralding and the coincidence measurement into a single POVM
acting on the post-beam-splitter state pgs of appendix D.1

L [Ty Ty - ]

" (D.80)
as U™ asn U™ 1 commute, with I, the central click/no-click heralding POVM and
1/Py the elementary-link normalization. The derivation mirrors appendix D.1: we build

1
Pl = o T [Ty U™ T U™ i (U U] =

Coinc P
Lnk

a non-unitary matrix M; for each term of the expanded POVM, then evaluate its trace
through the singular value decomposition of M;.

Mode mixing

The local beam-splitter maps Alice’s memory mode onto the two output modes

i t

+ my +my

My — ——, D.81
A \/5 ( )
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so the SPDC exponent, already mixed by the central beam-splitter, becomes

toT t f BScs TCA+CB TCA_CB
maCy + cgm m
ATA B B \/§ B \/§
BSA m-?—‘-'—mJT.CA—'I—CB m-l-CA_CB
V2 V2 © V2
1 1
11 1|/
(et g ) LN (T)
1 -1
————

POVM expansion

Following appendix D.1, we expand 11 IT,,, into a sum of loss operators Ro'e

1 t i
T, I, = R (11 - Rfﬁf“) (11 R’”T"”) <11 ~ Ry’ "“)

T T T T T T
o chB CgCB HCACA CgCB M1 MT CgCB 1Y Y
RLnk _RLnk RLnk _RLnk RTJ _RLnk RTJ
t T
chB cAcA meT chB CACA m chB meT mJ chB cAcA meT Ty my
+RLnk RLnk R +RLnk RLnk RTJ +RLnk R RTJ RLnk RLnk R RTJ

(D 82)
Using xaTaf(oﬂ) = f(z aT)xO‘TO‘, each term scales the corresponding column of M and
defines a matrix M;, whose trace follows from its singular value decomposition (cf.

appendix A.2). For instance, the first term RLnk gives

]. V RLnk U+ 0

My = 2| VB | Oy (D.83)
2 1 Rone 0 0
1 —Ru 0 0

with singular values ai =R ando? =1, leading to

(1—p)? _1-p

= . (D.84)
1- pRLnk)(]- - p) 1- pRLnk

;
Tr |:Rfr¢kCAsz:| = (
The matrices and singular values of the eight terms are collected in table D.1.

Coincidence probability

Summing the eight contributions yields the coincidence probability as follow
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mv\/

Coinc

(1—p)?

: HTV_.:_A -

1 1
(1—pRa)(L—p) (1—pRu)?
B 2

1 =23+ Ry + 3R+ RuuRy) + m Tw + Ry + 3R + msxmdvm +32(1 + Ry) R — (34 Rn)*(1 + .ES_AE
. 2

(1= pRy) (1 - plleiriin)
N M 1

1— 21+ R+ Ry(1 + Ri)] + % [(1 4 Rine + Ry(1 + Rin)” + 16 Ry Rin — (1 4+ Ry)2(1 + Rini)?]

1
G — pRiy :VAH - %mr:xv

(D.85)
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Term Matrix M; ‘ Singular values

1 VR
i : (l Vi e
1 —VRux o =1
I VR
VR VB
Rt‘:}:‘A Rfr%(ug % VvV RLHKRTJ vV RLnkRT 03 = R
VB —VERu 02 = R
RLnk m
VERy /BBy
R R i ! VB = 1(3+4 Ry + 3Ru + RyRin £ /=32(1 + Ry)Rine + (3 + Ry)2(1 + Ri)?)
1 =Ry
I =R
1 VRu
Rf}f“R@”f"” i VB /Ry = 1(3+ Ry + 3Ry + RyRuw £ /=32(1 + Ry) R + (3 + Ry)2(1 + Rin)?)
1 =Ry
I VR
VR VR
RO R Ry L BB/ By P 7T Rl
VR —VRux 02 = Rin
RyRev. /Ry Rm;
rirREeRy™ | 3| Ve Ve o= ner
VR \/m 02 = Rix
RO R gl i Vi R”RL"* 02 = 2(1+ Ry + Ry(1+ Rin) £ /= 16Ry R+ (1 + Ry)2(1 + Rin)?)
1 =R
1 F
RACRECRIRI™ | L m */; %% = BuR
\/m \/m 0~ = Ry
VB VR

Table D.1: Non-unitary matrices M, and their squared singular values for each
term of the expanded POVM I1;, I1,,,,. Each M, is the 4 x2 matrix coupling the output
modes (my, my, mg, mg) to the central modes (c,, ¢;), scaled by the loss operators
of the corresponding term.
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D.7 .Matrix elements of the displacement-based observable

This appendix derives the matrix elements of the single-mode displacement-based ob-
servable o, in the photon-number basis, restricted to the qubit subspace {|0),|1)}.
These elements are the building blocks of the entanglement witness w developed in
appendix D.8 and appendix D.9.

Observable and setup

From appendix A.1, the POVM elements of a non-resolving-photodetector on mode a for
a detector of efficiency n and dark-count rate dc read

g (n,dc) = k- R'®,  TI¢(n,dc) =1 — k- R, (D.86)
with R=1—-mnand k = 1 — dc. The POVM elements in the displaced mode follows

9% (n,dc) = DY (a) ¢ (n,dc) D (a), i€ {0,1}. (D.87)

(2

Assigning the outcomes +1 to a no-click event and —1 to a click event, the single-mode
observable reads

b0 = I (, dc) — I (1, dc) (D.88)
=D () (2,.; . Rete _ 11) D(a). (D.89)

The three matrix elements (0| 64 |0), (0|64 |1), and (1|6, |1) fully characterise 6, in the
qubit subspace, and the remaining element (1|6

) is recovered by conjugation.

Action of R"'“ on a displaced state

The derivation relies on a single recurring identity. The operator R s diagonal in the
Fock basis with eigenvalues R", so its action on the coherent state D («) |0) = |«) reads

R | = elof’ /22 R"|n (D.90)
n>0
_ lal?/2 ‘\/Ea>. (D.91)

The loss R™ is absorbs in the ket by rewriting the series as the coherent state ’\/ﬁa> up

to its normalisation factor e=£l®°/2, The scaling & — V'R « inside the ket combined with
the exponential prefactor el /2 s the key relation used throughout the calculation.
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Vacuum-vacuum element

The vacuum-vacuum element follows directly. Applying (D.89) to |0),

(01D (a) R D () [0y = =172 (0 D (q ‘\/Ea> (D.92)
— o mlal’/2 <—a‘\/ﬁa> ¢iMlo”vRal (D.93)
_ nlof?/2 g—nlal/2 (D.94)
— o nla® (D.95)

Inserting this into (D.89),

(0] 64 |0) = 2 - el 1, (D.96)

Vacuum-single element

For the off-diagonal element we use the commutation relation

D(a)|1) = (aT - a*) D () |0). (D.97)

Expanding D («) |0) = |«) in the Fock basis and rearranging the two contributions onto a
common index n gives

D(a)|l) = o—lal®/2 Z \ﬁ\/n +1jn+1) Z la)* —— n)] (D.98)

n>0 n>0 \/7

— o lal?/2 Z” |n (D.99)
n>0 n>0

_ P2y (n ~ o ) \F yn> (D.100)

n>0

The second line uses the re-indexing >, <o vV + lup11 = >, ~ v/nu,, Which aligns both
sums on the same Fock index. Acting on R |eads to

RD (a) (1) = e 123 (n = |a)?) S R" |n). (D.101)
2 gL
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Projecting on (0| DT () = (a] collapses the sum onto the term (a|n) = e~1*/2(a*)" /7],

n—1
(0| DT (a) R*D (o) [1) = e " & Z( |a|2) <|OMR" (D.102)

n!
n>0

(D.103)

— el > (R M (D.104)

n>0
= —pa*e ol (D.105)
The second line splits the n-prefactor as n = (n + 1) — 1 and uses the re-indexing

> ns0MUn = Y ,50(n+1)uyyq to factor out a common power ™!, allowing both series
to be summed as a single exponential eflol” We thus get

(0] 60 |1) = —2k - na* el (D.106)

Single-single element

For the diagonal single-photon element, projecting on (1| DT (a) instead of (0| DT («) gives

f - 2)? <|a|2)” 1
(11Dt (@) R D () [1) = e 1ol ZR”( \a\> A (D.107)

n!
n>0

Expanding the square produces three separate series in n?, n, and a constant. Each of
them admits a closed form, obtained by the same kind of re-indexing as in the previous
element. Setting z = |a?,

N R = et (D.108)
n:
n>0

SR =S R~ R, (D.109)

n>0 n: n>0 n
SRt =Y R ) —RZR” el = (R%z + R) &
n>0 n>0 n>0

(D.110)
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Substituting these three results,

(1D (@) B'*D () 1) = [R¥[af’ + R — 2(aR +|af?] 71"

= [1 +n <n\a\2 - 1)} e_"|“|2,

leading to

(1oa 1) =25 [14n (nlal® = 1)] e — 1.

Summary
The three matrix elements of 6, in the qubit subspace read

(0] 60 [0) = 26 - el — 1,

(0] 60 |1) = =2k -na” 6_77‘0427

(1[0a (1) = 2k - [1 +1n (171042 - 1)} elal® _q,

with (1] 6a [0) = (0] 64 |1)*.
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D.8 .Entanglement witness in the qubit subspace

This appendix derives the closed-form expression of the entanglement witness w within
the qubit subspace {|00),|01),|10),|11)}. The full witness extending beyond the qubit
subspace and accounting for higher photon-number contributions is treated in ap-
pendix D.9.

Setup and notations

Let's consider the ideal low-pump scenario where the elementary link carries the Bell state
such that .
prow = 5 | 101) 01] + [10) (10] + |01) (10| +[10) (01 |. (D.115)

Let's also consider the displacement-based observable on the bipartite memory modes
m, and mg, with displacement amplitudes « and g, efficiencies 1, and g, and dark-count
rates dc, and dcg. The joint observable reads

Oa,p = 05" @ 05°, (D.116)

where 624 acts on mode m, with parameters an efficiency 7, and a dark-count dc,, and
similarly for égLB. The phase-averaged observable reads

2m
O = 217T/ cib(mima+tmims) Oaﬂe—w(mj\mﬁmgm) do . (D.117)
0
From this observable, we build a witness w associated to the setting (a, 3)

Wpop s B = <6a,ﬁ>pmk — whik (o, B), (D.118)
where wepr defines the separability boundary
wé)PL?k (Oé, 5) = max <6a,6>0

a>0

@ oTa > 0, (D.119)
s.t. .
(b) oy =P

Loc?

with (a) the PPT criterion, and (b) an additional assumption on the state where the
diagonal terms match the actual local probabilities. For clarity, we simply write w and
wepr keeping in mind that these quantities are defined for p., with the setting («a, ).

Expectation value

First, let's compute the expectation value of O for the state p.,. The phase averaging
keeps only the n-photon sectors non-zero, concretely (i, j| O |k,1) = 0 fori+ j # k + L.
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Thus, the observable takes the block-diagonal form

oo 0 0 O

/
0 001 001 0

Onp = (D.120)

0 0/10 010 0 ’
0 0 0 011

with the convention o;; = (ii| Oa,pj7) on the diagonal and of; = (ij| O, |ji) off the

diagonal. From this decomposition, the expectation value of O, 3 on p, reads

(Oap), . =D 0ij i + 001 {10] puok [01) + 010 (01 puoc [10) (D.121)

ij

with the standard convention p, = (ij| pu |i5).

PPT separability bound

Let's derive an expression of wper by maximising <@a,5>0 over all states o satisfying the
two constraints (a) and (b) from equation (D.119). Based the previous computation, the
expectation value reads

(Oap), = 0ijoij + ofy (10[c]01) + of, (01]c|10) . (D.122)
ij
The assumption (b) fixes the diagonal terms to the local probabilities of p., such that
Oij = ]P’fﬁo therefore the first sum is constant under and the optimisation reduces to the
off-diagonal terms. Standard complex inequalities give

0p1 (10]a|01) + o4 (01]0|10) = 2Re[oy; (100|01)] < 2|of, | [(10]c|01)], (D.123)

where the upper bound is reached when of;; and (10|c|01) are collinear to the real axis.
The value of |(01]|0|10)| is bounded using positivity and the Cauchy-Schwarz inequality

Vo1 010 = VP PO,

<
- (D.124)
< Voo o1 = VPR PLL,

Positivity of o - [(01]c|10)|
Positivity of 074 :  [(01|o|10)]
where the second bound follows from the partial transposition (01| 074 |10) = (11| ¢ |00),

mapping the off-diagonal block to the diagonal block of 0. The effective bound is the
minimum of the two, leading to

1(01]o|10)| < min <\/IPOOIP11

Loc™ Loc?

\/pm P10

Loc™ Loc

) , (D.125)
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which finally gives

weer = Y 043 PLL + 2[ofy | - min (/PRPLL, /PIPLY) . (D.126)

ij

Witness

Combining equations (D.119), (D.121) and (D.126), the witness reads

w = ofy (10] puuc[01) + g 01 p [10) — 2]ofy | - min (v/PEPLL, VBIPE).  (D.127)

From the Bell-pair structure of p.,, the local probabilities and coherences read

P = 1 kiukia (Ra + Rs),

POl — % Ka(Ra+ 1) — % Kaks(Ra + Rs),

PO = L ka(Ro + 1) — 5 kintin(Ra + Ra), (D.128)
Pl =1-P P — P,

(01] puuc [10) = 3. (10] puoc01) = 3.

D=

From appendix D.7, the off-diagonal matrix elements of O, s read

0y = (0] 6% [1) - (1] 67 |0) = drsarie - natge - "B - e mlal—nelB (D.129)

oo = (1]87410) - (0] 65 |1) = 4kiaric - e - @f* - e~ lal —melF,

with the sum

2 2
0/01 (10] proc |01) + 0/10 (01] prnc |10) = % (0/01 + 0/10) = 4dkpks - Nans - Re[a™ B - e~ mlel el A1,

(D.130)
Substituting these expressions into equation (D.127), the in-qubit witness reads
W = diiuris - 1uls - Rela ] - e Mol =Rl o gfy | min (v/PYIPLL, /PLPLY )
(D.131)

The simple situation with no dark-count and symmetric efficiencier n, = 7 = 7, leads to
w = 42, - Re[a* B] - e~me(le*+181%) (D.132)

since PLL = 0. In this context, the witness is positive whenever Re[a*] > 0, which
is the only sign condition on («, 3) required for the witness to detect entanglement.
The factor n,; exposes the second-order sensitivity of the qubit-restricted witness to
mode losses, while the prefactor x,xs captures its first-order degradation under dark

counts. The exponential prefactor sets the optimal displacement amplitudes around
2 2 .
Mala|” = me| B]” =~ 1/2.
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D.9 .Entanglement witness beyond the qubit subspace

This appendix extends the entanglement witness w derived in appendix D.8 to the whole
Fock space, taking into account contribution of arbitrary number of excitations. The qubit-
restricted derivation assumes p, lives in H"" = Span {|00) , |01) , |10) , |11)}, which holds
only in the low-pump limit. Beyond this limit, p., has non-zero support in H°" involving
multi-photon states. The contributions from #° brings a correction to the PPT inequality,
yielding in a valid witness over the full Hilbert space H = H'" & H°".

Setup and block decomposition

Let IT,, and II,, denote the orthogonal projectors onto H'" and H°". Any operator X on
‘H decomposes into four blocks

X = 1_[In)(r-[ln + 1—-[InAXVI_[Out + 1_IOutAXV[[In + HOutXHOuta (D1 33)

which we write in matrix form on H" & H°" as

Pl Pl A or o
Pk = (p kT poukt> » 0= (O*T ot 5 (D134)
Ln Ln

where the diagonal blocks p,, O™ and ply, poi are respectively 4 x 4 and infinite-
dimensional block matrices acting on H™ and H°*. The off-diagonal blocks pf,, O* are
the 4 x oo coupling blocks. The expectation value of O splits accordingly

(0),.,, = Tlpln O +1r (i, ) +tr (ot O°) + el 0°). (D.135)
in-qubit coupling out-qubit

The first term is bounded by the in-qubit construction of appendix D.8, called "wper. The
remaining two terms are bounded separately below, leading to a correction ®“wgp; from
the contribution outside of the qubit space. Finally the total separability boundary reads

__In Out
Wepr = "Wppr + ~ Wppr.

Out-qubit diagonal contribution

The block pPy is positive semidefinite as a diagonal block of a positive operator, and O°
is Hermitian. The trace of a product of a positive matrix and a Hermitian gives the bound

tr(pls 0°) < O], - tr(p2) < [0, - tr(pl), (D.136)

where ||-||, denotes the largest eigenvalue in absolute value, and the second inequality
uses the fact that the spectral norm of a diagonal block cannot exceed the one of the full

221



matrix. Since O is a product of unitaries and operators with spectrum bounded by 1, we
have ||@HOO < 1, thus
tr(pos O°) < Te.. (D.137)

with Tt = tr(py) . Now let's bound Tt with experimental quantities. Expanding the trace
over Fock states |7, j) withi + 7 > 2 and eitheri > 2or j > 2,

TC = Z ]P)Zlggc + Z Pﬁzc - Z PZI;ZC
i22,j i,j2>2 122,722
=PA>1)+P(B>1)—-P(A>1,B>1)
<PA>1)+P(B>1),

(D.138)

where P (A > 1) and P (B > 1) are respectively the marginal probability of having strictly
more than one photon on Alice's m, mode as dBob’s mode m;s. From appendix D.10, we
show both marginals probabilities P (A > 1) and P (B > 1) are bounded by coincidence
detection after a 50/50 beam splitter, which yields in a bound P(A > 1) + P(B > 1) <
px + pi = p* such that

tr(poi O°) < p*, (D.139)

with p¥ = 2P2 the coincidence detections for Alice and Bob’s arm.

Coinc

and pi = 2P%

Coinc’

Coupling contribution

The coupling term tr(pfnk O*T> + tr(pfnkT (’)*) = 2 Re[tr(p’[nk O*T>} requires a finer
treatment. The argument combines three steps: a singular value decomposition of pf,
to reduce the trace to a sum over singular values, a bound on the singular values of O*'
from the phase-averaging structure of O, and a final bound on the sum of singular values
of pf, using positivity of pj.

Reduction via SVD of p', The coupling block pf, is a 4 x oo matrix with at most 4
non-zero singular values. Its singular value decomposition reads

4
Pl =D _si lui) (vil, (D.140)
=1

with s; > 0 the singular values, {|u;)} C H" and {|v;)} C H* orthonormal singular
vectors. Substituting into the trace,

4
> s (v O |uy)

=1

(o) -

4
< (Z si> - Stax; (D.141)

=1

where Smax is the largest singular value of O*, the s; are positive by construction, and the
final inequality uses ‘(vi| O |ui)‘ <O = Smax-
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Largest singular value of O*

The phase averaging of O kills all matrix elements coupling blocks with different total
photon number, (ij| O |kl) = 0 for i + j # k + I. The block O* connects H" composed of
blocks with a total photon number 0, 1, or 2 from |11), and H°* composed of blocks with
a total photon number > 2 excluding |11). Therefore, the only non-zero matrix elements
in O* are those coupling |11) to |02) and |20), both in the 2-photon sector. The matrix O*
thus has rank at most 1 and its largest singular value reads

Smae = 1/ |(11]0[02)[* + | (1] O |20) (D.142)

The explicit computation of (11| O |02) and (11| O |20) extends the matrix-element calcu-
lation of appendix D.7 to the two-photon Fock state. The final expression reads

Smax = 2tz - mls - e~ TRIEE L JaN (@) 200 (8) (D.143)
with the auxiliary function
An(z) = 2(1 =) + [z*(2 — 7?). (D.144)

In the lossless and noiseless limit n — 1, dc — 0, A, (x) reduces to 2|2 and Smay recovers
the expression of [122].

Bound on ). s; To bound the sum of singular values of p,, we exploit the positivity
of the full state p.... For a parameter ¢ € (0,7/2) and each i € {1,...,4}, we define the
mixed orthonormal vector

z/zf> = cosf |u;) +sind |v;), (D.145)

where |u;), |v;) are the singular vectors from (D.140). The orthonormality of {|u;)} and
{|v;)} ensures <¢f]w§ = 0;5, thus {|¢f)}?_, is a non-generatrice orthonormal family in
the total space #, hence >, [¢¢) (¢/¢| < 1. Combined with p., = 0, we get

i (vf

=1

P [ > <tr(pw) = 1. (D.146)

Expanding each term using the block structure (D.134),

(v

00 = 05?6 {us] ply i) +5in? 8 {us] o2 v3) + 205 O'sin 6 Re[(u] |11}
(D.147)

ank
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Summing over i and using (u;| pf, |v;) = s; from the SVD,
05”0 Y~ (ui] ply [us) +Sin® 0 Y~ (vi| put |vi) +2cosOsinf Y sy < 1. (D.148)

The first two sums are bounded by tr(p,) = 1 — Tc and tr(py) = Tc respectively,
since {|u;)} and {|v;)} are orthonormal but incomplete in their respective subspaces.
Rearranging,

4 . 29 . . cin24.
Zsi < 1—cos?0-(1—1T.)—sin“0-T¢ = 11.(6). (D.149)
=1

2cosfsing
Minimising f7.(0) over 0 yields the optimal value 6, = arctan( Tc/(1— TC)), giving
4
Y s < VT -To). (D.150)

=1

Since z — +/x(1 — x) is monotonically increasing on [0,1/2], and assuming p* < 1/2,
which is the case in practice, the bound T¢ < p* gives the final inequality

4
D s < V/pr(1-pY). (D.151)
=1

Combining the two bounds

tr (pfnk O*T) +1tr (pfnkT O*) S 4Smax \/Péoinc + IP:'Eoinc (thCLCl2 - IFDéoinc + IP:'Eoinc)' (D1 52)

with pr = 2P2 the coincidence detections for Alice and Bob's arm as

Coinc

and pi = 2P¢

Coinc’
developed in appendix D.10.
Out-qubit separability boundary and witness

Combining the on-diagonal bound (D.139) and off-diagonal coupling bound (D.152), the
out-qubit contribution reads

OuthPT =9 (IP)A

Coinc

+ P2

Coinc

) -+ 4Smax \/Péoinc + IEDEoinc (tfra612 - IP)éoinc + IP)goinc)' (D1 53)

standing for state p.,, on H provided P2, . < 1/4, which is respected in practice. The out-

Coinc

qubit correction ®wppr vanishes when P2 - = P2

Coinc Coinc

= 0, recovering the in-qubit witness
as expected.
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Total witness

Finally, the witness reads

In

Out
w = (O — "Wepr — w0
< >ank PPT PPT)

with the contirbutions

| _ 77 / :
e = 3 04 Pl + 2|0fy | - min (/PPLL, /POLPLD)

ij

OIJtU)PPT - Q(Péoinc + Pgomc) + 4Smax \/]P)éoinc + HJ)Eoinc (tf?"CLC12 - ]P)éoinc + IP)(Eéoinc)v

and the matrix elements
(0] 60 [0) = 26 - e~ — 1,
(0]6a [1) = =26 pa”e T,
(164 |1) = 2k - [1 +1n (n[oc]Q — lﬂ e~al® _ 1,
The total PPT boundary on the full Hilbert space follows by additivity
Wepr = lanPT + OUtUJPPT:

with "wepr from equation (D.126).
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D.10 .Bounding multi-photon marginals via twofold coincidences

This appendix derives an experimentally accessible upper bound on the multi-photon
marginal probabilities P(A > 1) and P (B > 1) used in the out-qubit witness of ap-
pendix D.9. The bound relies on splitting the incoming mode on a 50/50 beam splitter and
detecting twofold coincidences with two non-resolving photodetectors. The argument is
presented for Alice’'s mode, the derivation for Bob’s mode is identical by symmetry.

Setup

Consider an arbitrary state p on Alice’s mode m, with photon-number distribution p,, =
(n|p|n). The mode is split on a 50/50 beam splitter into two output modes a; and ax,

each connected to a non-resolving photodetector. We compute the probability P2, of a

Coinc

twofold coincidence, that is, both detectors clicking.

The beam splitter maps the input creation operator to a™ — (a{ +a£)/\/§, so the n-photon
Fock state transforms as

(a1-+»a2) 2
]n>—>7\00 \/272< ) k,n — k), (D.158)

where |k,n — k) denotes k photons in a; and n — k in as. The diagonal terms of p thus

1/2 7o\ 1/2
In) ”|—>2nz<> <l> kon— k) (In —1]. (D.159)

Since we focus on diagonal click probabilities, only the k = [ contributions survive after

transform as

projection on the coincidence POVM derived below, so the off-diagonal terms of p in the
Fock basis play no role.

Coincidence POVM

A twofold coincidence corresponds to at least one photon in each output mode. The
associated POVM element on the two output modes reads

1_[Coinc = Z |k7 l> <k; l| ) (D1 60)
k>1,01>1

which excludes the events where one of the two modes is empty.
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Coincidence probability

Combining the beam-splitter transformation with the POVM, the coincidence probability

reads
n—1
A
]PComc tr HCOIHC p an : 7 Z (l{}) ) (D1 61)
n>0 k=1
where the inner sum runs over k € {1,...,n — 1} to enforce that both modes receive at

least one photon. Using the binomial |dent|ty Yo ( ) = 2" and isolating the boundary
terms k = 0 and k = n, both equal to 1,

n—1
n n
<k> =2" =2, (D.162)
k=1
SO Ly
Comc an ' = an . (1 - 217”) 5 (D163)
n>0 n>2

where the sum starts at n = 2 since the prefactor vanishes for n € {0, 1}.

Lower bound and final inequality

The prefactor 1 — 21~ is monotonically increasing in n and equals 1/2 at n = 2, hence

1-2'"">1  vn>2 (D.164)
Substituting into (D.163),
Pone >3 > n=3P(A>1). (D.165)
n>2
Rearranging gives the desired bound
P(A>1)<2P2 (D.166)

and similarly P(B > 1) < 2PZ,

Coinc

for Bob’s mode. This inequality provides an exper-
imentally accessible upper bound on the multi-photon marginals, using only twofold
coincidence counts on a 50/50 beam splitter and two non-resolving detectors, without
requiring photon-number-resolving detection.
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Part IV

Appendix - Quantum Circuit
Synthesis
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D.11 .From Markov Decision Problem to Reinforcement Learning

Markov Decision Problem

Markov Decision Processes take root in a philosophical debate on free will between
Markov and Nekrasov [175]. Nekrasov claimed that independence between random
variables was a necessary assumption for the law of large numbers. Formally

Law of large numbers —  Independence (D.167)

Observing that this law was empirically valid in society, he concluded that human actions
were independent, supporting the existence of free will. Markov refute his claim with an
empirical counterexample. In [176], he built 200 samples of 100 letters from Pushkin’s
Eugene Onegin poem, and classified each letter in two categories: vowel or consonant.
With this binary representation, he showed strong correlations between successive
letters: a vowel is followed by a consonant 82% of the time, and a consonant by a vowel
39% of the time. Despite these correlations, he showed the proportions of vowels and
consonants over 200 samples converged to fixed values, confirming that the law of large
numbers extends beyond independent assumption. Beyond the debate, this result paved
the way to what is now known as a Markov chain: a memoryless stochastic process that
iteratively transitions between states. Here this corresponds to a two-state chain where
the current letter, vowel or consonant, fully determines the distribution of the next.

Nowadays, Markov Decision Processes (MDP), the modern extension of Markov Chain,
are widely studied in mathematics and optimization, with a broad scope of applications. In
the original book reference [138], Howard introduces MDPs through a simple toy model:
a frog jumping on a set of lily pads. At any time, the frog stands on a lily pad, jumps,
and lands on a new one, repeating this process indefinitely. This setup captures the two
fundamental notions of MDPs: states and transitions. Labelling the pads from 1 to NV,
the frog is characterized by a state s € {1,..., N} corresponding to the pad it occupies.
At each jump step ¢, the system undergoes a transition, leading to a new state s;11,
drawn from a transition probability distribution P (s;41|s¢). This measure PP derives from
a transition function P : S — A (S), which sets the game dynamics. Calling ¢ the time
step, we index with ¢ the current state, thus we write s; — s;11. Note that the identity
action, which leaves the frog on its current pad, is a valid transition, it can be disabled
by setting P (s;+1 = s¢|s¢) = 0. This toy model also highlights a central feature of MDPs:
the memoryless property. The transition distribution depends only on the current state
regardless of the past trajectory:

P (st11]8¢,5t-1,-.,50) = P (st41]5¢) - (D.168)

Therefore, at each step, the state alone fully determines the future dynamics of the
process.
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While capturing the fundamental notions of MDPs, the frog toy model remains purely
descriptive. Once the number of pads N, the transition function P, and the initial
pad s are set, the frog evolves without any external intervention. However, Howard’s
original motivation was to develop a computationally feasable model for engineers who
needed to act on systems, not only describe them, a goal the simple frog toy model
cannot fulfill [138]. The author therefore gradually introduces complexity to the process.
First, a reward mechanism is introduced, assigning a reward r;; € R to the system
for each transition from a state i to a state j. Thus, at every time step t, the system
received a reward R; called immediate reward. This reward defines an objective for
the process, which is to optimize the earnings over time. Second, an external entity is
introduced, the decision maker, which is allowed to pick an action at each step rather
than passively observing the process. From this interactive behavior, an instance of an
MDP is sometimes called a game. Consequently, the transition distribution is no longer
fixed: each action determines a specific transition probability distribution with a specific
expected immediate reward. More formally, the transition probability is now expressed
as P (s¢4+1]st, ar). The objective of the decision maker is to find the optimal sequence of
action to maximizes the long-term returns. Finally, the author illustrates this framework
with practical cases such as baseball strategies or automobile replacement planning.
Building upon this progressive complexification, the community converges to a modern
formulation of the MDP [177].

Mathematically, an MDP is defined as a tuple (S, A, P, R,~), whose elements are:

+ State space S: the set of all possible states.
+ Action space A: the set of all possible actions.

* Transition function P: the function P : S x A — A (A) encoding the environment
dynamics. For a state-action pair (s,a), it returns the probability distribution
P (-|s, a) over the next state, with PP (s'|s, a) denoting the probability of transitioning
to s'.

* Transition probability P: the transition function, distribution representing the
environment dynamics. The probability of transitioning to state s’ given that the
system is in state s and action «a is taken is expressed P (s'|s, a)

+ Reward function R: the function defines the immediate scalar feedback returned
to the agent from a transition. In its most general form, this expected reward
depends on the current state s, the chosen action a, and the resulting state s’. Thus,
a transition s % ' yields an immediate reward r = R (s, a, s'). While capturing the
most general framework, simpler forms such as R (s,a) or R (s) are widely used in
practice. By providing local signals, the reward function actually defines the global
objective of the decision process. Concretely, for each step ¢, the decision maker's
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goal is to find a strategy that maximizes the expected cumulative reward, or gain,
denoted G¢.o.. For a finite sequence of steps, the gain is defined as

to
Giyity = 71, (D.169)
t=t1
where r; is the immediate reward collected at time step ¢, ie. r, =
R (s¢—1,at—1,s:+1) Which is also a standard notation. Calling o = (s, -, St,)
the path from s, to s, we also denote G, the cumulative gain along this path.

+ Discount factor +: areal parameter vy € [0, 1) that weights the importance of future
rewards. The quantity actually maximized by the decision maker is the expected
return

Groo = Y V- 1k, (D.170)
k=t

initially used as a tool to ensure the convergence of infinite games with asymptotic
behavior, it also controls how greedy the process is: with v — 0 favoring immediate
rewards and v — 1 favoring long-term returns.

To build intuition, let us return to the Rubik’s cube analogy. To frame the Rubik’s cube
as an MDP, we must specify the tuple (S, A,P, R, ). As detailed below, these elements
can be conceptually divided into two families [114].

Game mechanism: The first family, rigid and inherently defined by the game, cor-
responds to the tuple (S,.A4,P). The state space S is the set of all possible cube
configurations, thus a state s € S corresponds to one cube configuration C € C. We
denote by Cj4 the solved configuration. The action space A is the set of all possible
rotations of the cube. In the case of the Rubik's cube transitions are deterministic: a
rotation applied to a given configuration leads to a single configuration. Thus, for every
pair (s, a) the resulting state s’ is uniquely defined, and the transition probability gives:
ifs' =35

1
VieS, P(3|s,a)= (D.171)
0 else

Game objective: The second family is more flexible and defines the goal of the game
(R,~). While the previous family encodes the rules of the game, the reward function
R specifies what the decision maker is asked to achieve. This flexibility comes with a
direct impact on the performance, thus the design of R deserves particular care. For
instance, one could think of providing intermediate rewards to guide the agent toward
the solution, by rewarding action leading to configurations similar colors faces. However,
such a reward would mislead the agent: solving paths typically go through disordered
looking configurations, thus intermediate reward would penalize these trajectories. An
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alternative is to assign a single reward when the cube reaches the solved configuration

and zero otherwise:
1 ifs= C|d
R(s) = (D.172)

0 else

With a discount factor v = 1, this configuration gives equal weight to all steps and, with a
finite budget of T,,,,, moves, the cumulative reward reduces to

s 1 ifteng = Cig
Gooo = Y V' Tt = Ttgpg = { (D.173)
t=1

0 else
where teng < tmax denotes the final step, reached either when the cube is solved teng <
tmax OF when the move budget is reached teng = tmax-
While providing a formal framework of the process, the MDP formalism does not
specify how to solve it. From this purpose, the community introduces two central tools:
the policy and the value function.

*+ Policy: this quantity defines probability distribution for the decision maker of
picking an action a conditioned of being on the current state s. Formally it is called

7w and defined such that
T Ax S —[0,1]
(D.174)
(a,s) = m(als)
This distribution defines the behavior of the decision maker: at each state s an
action is drawn from 7 (- | s). Thus, the policy can be seen as the intelligence of the

decision maker, driving the path trhough the decision process

+ State Value function: quantifies the expected cumulative reward obtained from
a state s when following the policy 7. Formally, at a time step ¢, it reads

VT (s) = E,

(o]
D A kg | so = 3] . (D.175)
k=0

+ Action Value function: quantifies the expected cumulative reward obtained while
picking an action a from a state s when following the policy 7. Formally, at a time
step t, it reads

Q7 (s,a) = E,

o
ka Tt | S0 = 8,a0 = a] . (D.176)
k=0

Note that because the Markov property ensures that the value function depends only on
the current state and not on the time step, we conventionally set so = s. Since the goal of
the decision maker is to find a sequence of actions that maximizes the cumulative reward,
solving MDP actually means finding a policy 7*, called the optimal policy, that maximizes
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the value function over all states. Defining the partial order relation
o<t = VseS, Vu(s) <Vi(s), (D.177)
an optimal policy 7* is defined as an upper bound:
Vi, w<nt. (D.178)

The existence of such a policy was demonstrated in [178].

Seeking for MDPs resolution, a pioneering contribution lies with Bellman workin [178]
where he developped dynamic programming. The core idea is to solve the Bellman
equations, whose treatment lies beyond the scope of this thesis. While providing
convergence to an optimal policy 7* with strong stability, this algorithm relies on strong
prior knowledge of the process. Concretley, dynamic programming requires an explicit
access to the transition function P and to the reward function R, which may not be
available in practice. Built on iterative estimations of the value function, the algorithm also
requires to span the entire state space S, which becomes impossible for large spaces such
as quantum circuit synthesis. The community has developed a wide range of algorithms,
each adapted to specific assumptions on available information on the MDP. Among these,
Reinforcement Learning offers an attractive framework: based on state space exploration,
it solves MDP without prior knowledge of the game dynamics, by progressively learning
the optimal policy through environement interaction.

The reinforcement learning framework

Single-agent reinforcement learning, abbreviated RL, is an area of machine learning
that solves MDPs through interaction. Framed as a Markov Decision Process (MDP), the
system is described by a tuple (S, A, P, R,~) called environment. The decision maker,
called agent, aims to learn an optimal policy 7* that maximizes the expected cumulative
reward G. Unlike dynamic programming, an RL agent has no prior access to the reward
function R (s, a, ), the transition function P, nor the state space S. Thus, the agent must
explore the environment through iterative interaction, discovering the dynamic of the
game, collecting reward feedback, and progressively converging toward an optimal policy
I

Concretely, the RL framework can be described as an iterative loop. For a time step
t, the environment is in a state s, € S, with a set of available actions A, C A accessible
to the agent. From via environement observation, the agent picks an action a; € As,
according to its current policy m;, the action leads the environment to a new state s;11
drawn from the transition probability P (s;+1|s¢, a¢). This transition returns a reward r; to
the agent, following the reward function R (s;—1, a:—1, s¢). The agent uses this feedback to
update its policy m; — m41, refining its strategy toward the optimal policy 7*. The process
is then repeated until either a terminal state seng is reached or a maximum number of
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steps tmax is exceeded. Within this loop, the agent accumulates knowledge on the game,
progressively refining its policy. This mechanism is illustrated in appendix D.11.

In a more geometric way, RL can be framed as a path-finding problem in a decision tree.
Each node stores the state history vy, with h = (sg,--- , s¢), and each branch represents
the labeled transition s; = s,,.; weighted by the transition probability P (S¢+1]|s¢, ar). Each
transition yields an immediate reward r;, and a cumulative reward G, = Ziig ry from a
path o = (so, ..., s4,,) IS associtated with each leaf. In this representation, the problem
reduces to finding the path leading to the most promising leaf. Note that, under the
memoryless Markov assumption, the tree naturally folds into a graph by collapsing the
history (so, - -, s;) to its endpoint s, for each node. This decision tree representation is
at the heart of AlphaZero and will be studied in detail in the following sections.

The previous paragraph introduced the RL framework as a bare agent-environment
interaction mechanism, leaving the resolution part to the agent. Indeed, while the
environment tuple (S, A, P, R,~) sets the game mechanism, rules, and objective, envi-
ronement itself does not brings any specific algorithmic strategy. The resolution lies in
the agent's learning policy 7 — 7*: the agent collects knowledge of the environment by
iteratively interacting with it, and uses a learning algorithm to refine its policy. Several
learning algorithms are available, to name a few: Q-learning [179], REINFORCE [180],
or PPO [181]. The choice of this learning algorithm depends on the characteristics of
the environment, such as the state space, the transition mechanism, or the available
information. Thus, for the same game (S, A, P, R,~), one can train different agents
with different learning capabilities. This separation draws a parallel with the structure
of dynamic programming: the framework reduces the problem to solving the Bellman
equations, while the choice of method to solve them constitutes the resolution strategy.

Finally, let's add two brief clarifications. First, the previous paragraph implicitly intro-
duced the notion of observation, which seserve a brief clarification. The RL framework
actually fits within a broader formalism called Partially Observable Markov Decision
Process [182]. While the MDP formalism assumes direct access of the decision maker
to the system current state s, an RL agent only receives an observation o € O, with O the
observation space. This observation may be a partial view of the environement state s,
which the agent must interpret. It is actually a practical commun case, for instance a self-
driven car agent has access to a modelization of car’s environement from sensors. In the
scope of this thesis, the observation coincides with the state o, = s;, and we use the two
terms interchangeably. Secondly, this thesis assumes deterministic transitions, meaning
a state-action pair (s, a;) leads to a unique state s;;1. Formally,

V(s,a) eSx A, 31 eS/P(s]s,a)=1 (D.179)
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Environement

Mechanism

Q¢ Tt4+1 || St+1

Agent

Smartness

Figure D.1: Minimalist illustration of the reinforcement learning interaction mechanics.
At each time step ¢, the agent picks an action a; from A according to the policy « (- | s¢).
This action drives the environment transition s; — s,.1, producing a reward feedback
R(sy,at, 8¢41) = r¢. The interaction loop stops when the environment reaches the target
state starg Or the maximum step count tmax.
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